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An arithmetic Lefschetz-Riemann-Roch theorem 


Shun Tang 


Abstract. In this article, we consider regular arithmetic schemes in the context of Arakelov 
geometry, endowed with an action of the diagonalisable group scheme associated to a finite cyclic 
group. For any equivariant and proper morphism of such arithmetic schemes, which is smooth 
over the generic fibre, we define a direct image map between corresponding higher equivari¬ 
ant arithmetic K-groups and we discuss its transitivity property. Then we use the localization 
sequence of higher arithmetic K-groups and the higher arithmetic concentration theorem de¬ 
veloped in |T3j to prove an arithmetic Lefschetz-Riemann-Roch theorem. This theorem can 
be viewed as a generalization, to the higher equivariant arithmetic K-theory, of the fixed point 
formula of Lefschetz type proved by K. Kohler and D. Roessler in [KRlj . 
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1 Introduction 


The aim of this article is to prove an arithmetic Riemann-Roch theorem of Lefschetz type for the 
higher equivariant arithmetic K-theory of regular arithmetic schemes in the context of Arakelov 
geometry. This theorem is an arithmetic analogue of a special case of Kock’s Lefschetz theorem in 
higher equivariant K-theory (cf. [Kolj l. and it also generalizes Kohler-Roessler’s Lefschetz fixed 
point formula [KRll Theorem 4.4] to the case where higher arithmetic K-groups are concerned. 
To make things more explicit, let us first recall the study of such Lefschetz-Riemann-Roch 
problems. 

Let A be a smooth projective variety over an algebraically closed field k, and suppose that 
X is endowed with an action of a cyclic group (g) whose order is prime to the characteristic 
of k. An equivariant coherent sheaf on A is a coherent Ojv-module K on A together with an 
automorphism (p : g*F F. Then the classical Lefschetz trace formula is to give an expression 
of the alternating sum of the trace of F[^{p) on the cohomology space H^(X,F), as a sum 
of the contributions from the components of the fixed point subvariety Xg. For k = C, the 
field of complex numbers, such a Lefschetz trace formula was presented via index theory and 
topological K-theory in [ASel III]. While for general k, a Grothendieck type generalization to 
the scheme theroetic algebraic geometry is very natural to expect. Precisely, denote by KQ{X,g) 
the Grothendieck group of the category of equivariant locally free coherent sheaves on A, then 
Ao(Pt)fl') is isomorphic to the group ring Z[A:] and KQ{X,g) has a natural Aro(Pt, (/j-algebra 
structure (Pt stands for the point Spec(k)). Let Y be another (g')-equivariant smooth projective 
variety, let / : A —)• K be a projective morphism compatible with both (gf)-actions on A and on 
Y, then we have a direct image map /* : Ao(A, g() KQ{Y,g) given by 

i >0 

Unsurprisingly, the direct image map /* doesn’t commute with the restriction map r : Ao(-, 5 ) — 
^oi{')g,9) from the equivariant Ao-group of an equivariant variety to the equivariant Ag-group 
of its hxed point subvariety. Namely, the restriction map r is not a natural transformation 
between the covariant functors Ao(-, 5 ) and KQ{{-)g, g). Like the other Riemann-Roch problems, 
the Lefschetz-Riemann-Roch theorem makes a correction of r such that it becomes a natural 
transformation. In fact, for any ( 5 )-equivariant smooth projective variety A, let Nx/x stand 
for the normal bundle associated to the regular immersion Xg X and let be the 

alternating sum ^x/x ’ then ) is an invertible element in KQ{Xg, g)(^^j^jTZ 

where TZ is any Zj/c]-algebra in which 1 — ^ is invertible for each non-trivial n-th root of unity 
C ^ k. We formally define Lx ■ Ko{X,g) —> Ko{Xg,g) ( 8 )x[fc] ^ ^-s the Lefschetz- 

Riemann-Roch theorem reads: the following diagram 


Ko{X,g)^^KoiXg,g) ^ 


/* 


Ly 


A 


Ko{Y,g) - ^Ko{Yg,g) ^ 


( 1 ) 
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is commutative. 

This commutative diagram ([1]) was presented by P. Donovan in [Do| . and later it was gener¬ 
alized to singular varieties by P. Baum, W. Fulton and G. Quart in [BFQ| . The reasoning in the 
first paper runs similarly to the technic used in Borel-Serre’s paper |BS| . while the reasoning in 
the second paper relies on the deformation to the normal cone construction. These two processes 
are both traditional for producing the Grothendieck type Rieamnn-Roch theorem. 

After Quillen and other mathematicians’ work, algebraic K-groups are extended to higher 
degrees and the higher (equivariant) algebraic K-groups of X are defined as the higher homotopy 
groups of the K-theory space associated to the category of (equivariant) locally free coherent 
sheaves on X. There are many methods to construct this “K-theory space”, but no matter 
which construction we choose, the tensor product of locally free coherent sheaves always in¬ 
duces a graded ring structure on K,{X,g). In particular, each Km{X,g) is a iFo(A, 5 f)-module. 
Moreover, the functor K,{-,g) is again covariant with respect to equivariant proper morphisms. 
Then, for any m > 1, the following diagram for higher algebraic K-groups which is similar to 
m does make sense: 


Lx 


K^iX,g)^^KmiXg,g) 


/* 


fa* 


Km{Y,g)^^K^iYg,g) 


n 


n. 


( 2 ) 


The commutativity of diagram ([5]), which is named the Lefschetz-Riemann-Roch theorem 
for higher equivariant algebraic K-theory, was proved by B. Kock in [Kolj . The main guarantee 
is an excess intersection formula whose proof also relies on the deformation to the normal cone 
construction. Moreover, it’s worth indicating that the commutative diagram ([2]), combined with 
the Gillet’s Riemann-Roch theorem for higher algebraic K-theory (cf. |Giji. deduces a higher 
Lefschetz trace formula. 

In the field of arithmetic geometry, one considers those noetherian and separated schemes 
/ : X —> SpecZ over the ring of integers (actually over even slightly more general rings). In this 
context, an analogue of the commutative diagram ([T]) is possible to produce, by endowing X 
with an action of the diagonalisable group scheme Hn = Spec(Z[Z/nZ]) of n-th roots of unity 
rather than with the action of an automorphism of order n. The reason for this choice is that 
the fixed point subscheme of a regular scheme X equipped with an action of is still 
regular and the natural inclusion ix '■ Xg^ X is a regular immersion, while the fixed point 
subscheme of a regular scheme under an automorphism of order n can be very singular over the 
fibres lying above the primes dividing n. Under this situation, Baum-Fulton-Quart’s method 
still works, so that the commutative diagram © holds for //„-eqivariant schemes over Z. 

In [Th] , R. W. Thomason used another way to do the same thing and he even got a generaliza¬ 
tion of the commutative diagram ([21). Thomason’s strategy was to use Quillen’s localization se¬ 
quence for higher equivariant algebraic K-groups to show a concentration theorem. This theorem 
states that, after a suitable localization, the equivariant algebraic K-group Xm(X^^,//„)p is iso¬ 
morphic to Km{X, iJ,n)p for any m > 0, and the inverse map is exactly given by -^Ii(A^x/x ) 
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Here, p is any prime ideal in R{pn) ■= KoiSpecZ, pn) — “ T"^) which doesn’t contain 

the elements I — for k = 1,... ,n — 1. Then the Lefschetz-Riemann-Roch theorem for p^- 
equivariant schemes 


Rm{^i Pn) 

f* 

R-m{T-i Pn) 


Lx 


Ly 


) k-n) 


l^n 1 H'TiJp 
fl^n * 


Pn) 


( 3 ) 


follows from the covariant functoriality of K,(-,pn) with respect to proper morphisms. 

Now, let us turn to Arakelov geometry. Let X be an arithmetic scheme over a regular 
arithmetic ring {D,T,,Foo) in the sense of Gillet-Soule (cf. [GSlj L then X is quasi-projective 
over D with smooth generic fibre. We denote pn ■= Spec(L>[Z/nZ]) the diagonalisable group 
scheme over D associated to a cyclic group Z/nZ. By saying X is /i„-equivariant, we understand 
that X is endowed with a projective ^^-action. That means X is projective and there exists a 
very ample invertible ^^-sheaf on X. For simplicity, in this article, all /r,i-equivariant arithmetic 
schemes are supposed to be regular. 

For each /r„-equivariant arithmetic scheme X, K. Kohler and D. Rossler have defined an 
equivariant arithmetic Kg-group KQ(X,pn) in [KRlj . This arithmetic Kg-group is a modified 
Grothendieck group of the category of equivariant hermitian vector bundles on A, it contains 
some smooth form class on A^^(C) as analytic datum. The same as the algebraic Kg-group 
Ko{X, Pn), Ko{X,pn) has a ring structure and it is an R(//„)-algebra. Moreover, direct image 
maps between equivariant arithmetic Kg-groups can be defined for equivariant and proper mor¬ 
phism which is smooth over generic fibre, by using Bismut-Kohler-Ma’s analytic torsion forms. 
Choose a Kahler metric for A(C), and let Xx/Xfj,^ be the normal bundle endowed with the 
quotient metric, then the main theorem in [KRlj reads: the element ) is a unit in 

Kq{X^^, Pn)p and the following diagram 


Fg(A, Pn) -Kg(A^„ , Pn)p 


k"n) ^ Arg(Zl, pn)p 


( 4 ) 


is commutative, where is defined as (1 — Rg{Nx/x^^)) ' ^-li^'x/x^^) Rg{-) is the 

equivariant R-genus due to Bismut (see below). 

Later, two refinements of ([4]) where D is replaced by a general /Xn-equivariant scheme Y 
and X is allowed to have singularities on its finite fibres were presented by us in m and in 
|T2j respectively. The aim of this article is to show an arakelovian analogue of a special case of 
([3]) . in which the higher equivariant algebraic K-groups are replaced by the higher equivariant 
arithmetic K-groups. Hence, our work is a generalization of Kohler-Roessler’s Lefschetz fixed 
point formula to the higher equivariant arithmetic K-theory. 
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Let us describe our main result a little precise. Firstly, notice that we have constructed 
a group endomorphism iSiX-i{Nx/x^ ) ■ gin) —> Hn) and its formal inverse 

: km{X^^,g.n)p km{Xfj,^,fj,n)p in [m Section 5]. In this article, we shall 
further construct a group endomorphism Rg{Nx/x^„) '■ Xm{Xg^, gLn) —>■ A*n) and we 

shall prove that this endomorphism Rg{Nx/x^„) is independent of the choice of the metric over 
Nx/x^„ after tensoring by Q. So the expression = (1 — Rg{Nx/x^ J) • still 

makes sense as an endomorphism of Km{Xg ^, Hn)p'S>Q- Moreover, for any equivariant and proper 
morphism f : X ^ Y between /i„-equivariant arithmetic schemes, which is smooth over generic 
fibre, we shall prove that there exists a reasonable direct image map /* : Km{X, fin) —?> Km{Y, fin) 
with m > 1 and we discuss the transitivity property of the direct image maps up to torsion. 
Assume that the /r„-action on Y is trivial, our main theorem reads: the following diagram 


Xm^X, fin) 

A 

Xm{Y, fin) 


Afl-r 


■ Xm{Xg^ , fin)p 
f t^n * 

XmiYi Tn)p ^ 


( 5 ) 


is commutative. In such a formulation, the equivariant i2-genus again plays a crucial role. 

To this aim, the definition of higher equivariant arithmetic K-groups and some reasonable 
technic that can be carried out for higher equivariant arithmetic K-theory should be clarified. We 
have settled these in |T3j . In fact, we have defined the higher equivariant arithmetic K-groups 
via the simplicial description of the Beilinson’s regulators (cf. [BW] i and we have developed a 
localization sequence as well as an arithmetic concentration theorem. So, principally, we shall 
follow Thomason’s approach to prove the commutativity of ([5]), but the fact that the direct 
image maps are only defined for the morphisms which are smooth over generic fibres will lead to 
a big gap comparing with the purely algebraic case. Some highly non-trivial analytic machinery 
should be involved, such as the transitivity property of analytic torsion forms and the Bismut- 
Ma’s immersion formula. 

The Kohler-Roessler’s arithmetic Lefschetz fixed point formula has fruitful applications in 
number theory and in arithmetic geometry. One important reason is that the equivariant R- 
genus is closely related to the logarithmic derivative of certain L-functions. Kohler-Roessler 
and Maillot-Roessler have shown in [KR5] and in [MRl] that the Faltings heights and the 
periods of C.M. abelian varieties can be expressed as a formula in terms of the special value 
of logarithmic derivative of L-functions at 0. Further, in [MR2] . Maillot-Roessler presented a 
series of conjectures about the relation between several invariants of arithmetic varieties and 
the special values of logarithmic derivative of Artin L-functions at negative integers. We hope 
that our Lefschetz-Riemann-Roch theorem for higher equivariant arithmetic K-groups would be 
helpful to understand these conjectures. 

The structure of this article is as follows. In Section 2, we define the direct image maps 
between higher equivariant arithmetic K-groups. As an opportunity, we recall the analytic 
torsion for cubes of hermitian vector bundles introduced by D. Roessler in |Roe] . actually our 
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construction is slightly different with but is equivalent to Roessler’s construction. In Section 
3, we discuss certain transitivity property of the direct image maps, the relation of equivariant 
analytic torsion forms with respect to families of submersions will be presented. In the last 
section, Section 4, we formulate and prove the commutativity of the diagram ([2|), an accurate 
computation via the deformation to the normal cone construction is given. 


2 Higher equivariant arithmetic K-theory 


2.1 Bott-Chern forms and arithmetic K-groups 

Suggested by Soule (cf. [S^), and also by Deligne (cf. |Dej 1. the higher arithmetic K-groups 
of an arithmetic scheme X can be dehned as the homotopy groups of the homotopy hbre of 
Beilinson’s regulator map so that one obtains a long exact sequence 

-- Km{X) -- K^X) (X,M(p))-- K„,-iiX) -- • • • , 


where H^{X,M.{p)) is the real Deligne-Beilinson cohomology and ch is the Beilinson’s regulator 
map. In order to do this, a simplicial description of Beilinson’s regulator map is necessary. 
In |BW| . such a simplicial description was given by Burgos and Wang by using the higher 
Bott-Chern forms. Recently, in m, we followed Burgos-Wang’s approach to dehne the higher 
equivariant Bott-Chern forms and further the higher equivariant arithmetic K-theory. In this 
subsection, we shall recall some relevant constructions and dehnitions, more details should be 
referred to [FW| and |T3] . 

At hrst, let A be a smooth algebraic variety over C. We shall not distinguish X with 
its analytihcation A(C), which is a complex manifold. Denote by E*^^(X) the complex of 
differential forms on X with logarithmic singularities along inhnity (cf. |T3[ Dehnition 2.1]), 
then E*^^{X) has a natural bigrading E^^(X) = 0p+q=n and this grading induces a 

Hodge hltration EPE^^^(X) = © E['f(X). Write E;^^^^(X,p) := (27ri)PE,l^^^(X) with 

p'-\-q'=n 

£'[*Qgg(A) the subcomplex of K*Qg(A) consisting of real forms, then we have a decomposition 

projection : E*^^(X) E*^^ j^(X,p) is given 

by TTplx) = + (—l)^x). Moreover, for any x G Kj"g(A), we dehne two hltered functions 


E^’'^x= x'’*' and 

l>k,l'>k 


E 

l>k 


Then we set 7r(x) := 7rp_i(F"' p+I’”' p+^x). 

The main result in [Bull Section 2] states that the following Dolbeault complex 


2)"(Fiog(A),p) 


ErTi<(vp-i)n 


p'<p,q'<p 


KgM^:p)ne Kgix), 

p' 


n < 2p] 
n > 2p, 
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with differential 


—7r{dx), n < 2p — 1; 
dvx = { —2ddx, n = 2p — 1] 
dx, n > 2p — 1. 

computes the real Deligne-Beilinson cohomology of X. Namely, one has 


We shall write D*{X,p) := D*{E\og{X),p) for short. 

Moreover, let x G D'^{X,p) and y G D^{X, q), we write I = n + m and r = p + q. Then 

{—l)'^rp{x) A y + X Arg{y), n<2p,m<2q-, 

_ 7r(x Ay), n < 2p, m > 2q,l < 2r; 

x*y F^’^(rp(x) A ?/) + 27r,,5((x A n < 2p,m > 2q,l > 2r; 

^ X Ay, n > 2p, m > 2q. 

induces a product on 0^ D* {X, p) which is graded commutative and is associative up to chain 
homotopy. Here XpX = 2TTp{F^dx) if n < 2p — 1 and XpX = x otherwise. On the level of 
cohomology groups, this product coincides with the product defined by Beilinson. Notice that if 
X G D‘^p{X,p) is a cocycle, then for all y, z we have = yx and y{x»z) = {yx)»z = x»{yz). 

In order to introduce the higher Bott-Chern form, let us construct a new complex D*{X,p) 
using the cocubical structure of the cartesian product of projective lines (P^)'. This complex 
D*{X,p) has the same cohomology groups as D*{X,p). Firstly one notices that D*{X x (P^)',p) 
form a cubical complex with face and degeneracy maps 

d{ = (Id X d])* and Si = (Id x /)*, 

where 

d] : -A i = ,k,j = 0,1, 

gi . (pi)fc ^ (pi)fc-i^ i = 

which are given by 

doixi,--- ,Xk) = (xi,--- ,Xi_i,(0 : l),Xi,--- ,Xfc), 
d\{xi, ■■■ ,Xk) = (xi, • • • ,Xi-i, (1 : 0),Xi, • • • ,Xfe), 

^(^1;*** ?^/c) (^1?*** •; Xi—\, X^-j-l, * ‘ ‘ ,Xk) 

are the coface and the codegeneracy maps of (P^)'. Then we write Dp^{X,p) = D'^{X x (P^)“^,p) 
and denote by Dp*{X,p) the associated double complex with differentials 

d' = dx) and d” = ^(— 

Next, let (x : y) be the homogeneous coordinates of P^, and let ui = ddlog G (27rf)£'pi ^ be 

a Kahler form over P^. We shall write iOi = p*u ^ E*^^{X x (P^)^) where pi : X x (P^)^ —> P0 = 

1, • • • , A: is the projection over the i-th projective line. The complex D*{X,p) is constructed by 
killing the degenerate classes and the classes coming from the projective spaces. 
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Definition 2.1. We define D*{X,p) as the associated simple complex of the double complex 
D*’*{X,p) which is given by 


—k 

D^’Hx,p) = Df{X,p)/Y,s^{D^/^\x,p)) ®co,As,{d;-^’^+\x,p- 1)). 

i=l 

The differential of this complex will be denoted by d. 


A repetition of the proofs of |BWl Proposition 1.2 and Lemma 1.3] gives that the natural 
morphism of complexes 

i : D*{X,p) = D*’^{X,p) ^ D*(X,p) 

is a quasi-isomorphism. 

Now, let A be a smooth |U„-projective variety over C and denote by U := V{X, pn) the exact 
category of //n-equivariant vector bundles on X equipped with //^-invariant smooth hermitian 
metrics. We consider the exact cubes in the category U. By definition, an exact fe-cube in U is 
a functor T from < —1,0,1 >"■, the k-th. power of the ordered set < —1,0, 1 >, toU such that 
for any a G< —1,0,1 and 1 < i < k, the 1-cube df defined by 


which is called an edge of J- is an short exact sequence. From now on, we shall write cubes 
instead of exact cubes for short. Let A be a fe-cube in Z//, for 1 < i < A: and j G< —1,0,1 >, the 
{k - l)-cube A defined by ,ak-i = ,ai-i,j,ai,-,ak_i is called a face of T. On 

the other hand, for any 1 < i < k + 1, we denote by SjJ- the {k + l)-cube 




Oil,--- ,Oik + l 


0 , ai = 1 ; 

d^ai,--- ,ai-i,aii.i,--- ,ak+i^ 


such that the morphisms {S}X)ai,- ,ai-i,-i,ai+i,- ,ak+i -A {SjX)ai,- ,ai_i,o,ai+i,- ,ak+i are the 
identities of ,ai-i,ai+i,--- ,ak+i- Similarly, we have {k -+- l)-cube 

Denote by the set of all /c-cubes in U, then we have the face maps : CjJJ -A Ck-iU 
and the degeneracy maps Si : CkU -A Ck+iU. The cubes in the image of Si are said to be 
degenerate. Let TjC\^ be the free abelian group generated by CkU and Dk be the subgroup of 
ZCkU generated by all degenerate fe-cubes. Set 'LCkU = 'LCkUjDk and 


k 1 

d = ^Yl : ZCkU ^ ZCk-iU. 

i=lj=-l 


Then TjCJA = {’LCkU, d) is a homological complex. 

Assume that i? is a hermitian A:-cube in the category lA = 'P{X,pn)- If E is an emi-cube, 
namely the metrics on the quotient terms in all edges of E are induced by the metrics on the 
middle terms (cf. |BWl Definition 3.5]), one can follow |BWl (3.7)] to associate a hermitian 
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locally free sheaf tTk{E) on X x This tTk{E) is called the /c-transgression bundle of E. If 

A; = 1, as an emi-1-cube, ill is a short exact sequence 

0-^ E—i ——s- Eq -s- -s- 0 , 

where the metric of Ei is induced by the metric of Eq. Then tri(ill) is the cokernel with quotient 
metric of the map E^i — >• E^i (g) 0(1) © iHo <S) 0(1) by the rule e_i i-)- e_i © aoo © i(e-i) © o'o- 
Here ao (resp. Uoo) is the canonical section of the tautological bundle 0(1) on which vanishes 
only at 0 (resp. oo), and 0(1) is endowed with the Fubini-Study metric. If A: > 1, suppose that 
the transgression bundle is defined for A: — 1. Let tri(ill) be the emi-(A: — l)-cube over X x P^ 
given by tri(ill)Q = tri(cif (iH)), then tikiE) is defined as trfc_i(tri(ill)). 

Moreover, according to [BWl Proposition 3.6], for any hermitian cube E in the category 
U, there is a unique way to change the metrics on E^ for a ^ 0 such that the obtained new 
hermitian cube is emi. In fact, for i = 1,..., k, define XjE to be 

_ / (Ecu j ha), if CTj 1)0) 

if«, = l, 

where h'^ is the metric induced by hai,...,ai-i,o,ai+i,...,ak- Thus \\E has the same locally free 
sheaves as E, but the metrics on the face djE are induced by the metrics of the face d^E. To 
measure the difference between E and XjE, let Xf{E) be the hermitian A:-cube determined by 
d-^XUE) = d}E, d^Xj(E) = dlX\{E), and d}Xj{E) = 0. Set A, = + A?, A = o ■ ■ ■ o Ai if 

A: > 1 and A = Id otherwise. Then the map A induces a morphism of complexes 

ZCJA 

which is the quasi-invers^ of the inclusion TLCJU. To specify the /Xri-equivariant 

variety X, we shall write ZC*(X, ^„) := TjCJA- 

Definition 2.2. Define Rn = M if n = 1 and Rn = C otherwise. Fix a primitive n-th root of 
unity Cri) the equivariant higher Bott-Chern form associated to hermitian A:-cube E is defined as 

ch^(E) := chl{tTk(X(E))) G ^D*iX,^,p)[2p]n^, 

p>0 

where chg(F,/li?) = Cn^Tr(exp(—iL^)) is the equivariant Chern-Weil form associated to an 

equivariant hermitian vector bundle F ©[LiT/ with curvature form Ki for Fi. More¬ 

over, replacing the equivariant Chern-Weil form by the equivariant Todd form Td^{F,hF) = 
Td(F„,/ii?„) k )’ define the equivariant higher Todd form as 

Td^(:K) := Td°(trfc(A(;F))) G 0D*(X^„,p)[2p]«^. 

p>0 
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Whence X is proper, Burgos and Wang gave in [BWl Section 6] a quasi-inverse cp : D*{X,p) —> 
D*{X,p) of the quasi-isomorphism l : D*{X,p) — D*{X,p). By means of this quasi-inverse, the 
equivariant higher Bott-Chern form has another expression with value in 0p>o D* , p) [2p]_R„. 

To see this expression, let us set z = xjy which defines the canonical coordinate map C —)• Pj- 
by sending z —>■ [z, 1]. Then log | z | defines an function on P^, which can be considered as a 
current. We shall denote by log | zi |, • • • ,log | Zk \ the corresponding currents on (P^)^- These 
currents can be formally considered as elements in 11 ^((P^)*^, 1), and they satisfy the following 
differential equation 

dlog I Zj I —255log I Zj I ~2i7r((5pi xpi x...x{oo}x-"XPj, “ '^Pj,xPj,x-"X{o}x---xPj,) 

where oo and 0 stand at the j-th place. Let ui, • • • ,Ufc be /c elements in we 

define an element in @p>qD‘^^~^{-,p) by the formula 

Ck{ui,-- ■ ,Uk) := (“1)'^^!) • (M2) • (• ■■'^a(k)) ■■■) 

(TG6fc 

where &k stands for the A:-th symmetric group. Then we have 

1 ^ ^ 

dCk{ui, ■■■ ,Uk) = {--)k'^{-iy~^d{uj) • Ck-i{ui, ■■■ ,Uk) (6) 

i=i 

1 ^ ^ 
i=i 

We refer to [Roe! Lemma 2.9] for a proof of these identities. With the above notations, the 
equivariant higher Bott-Chern form associated to hermitian /c-cube E with fc > 0 is given by 
the expression 

I It ■ ■ ■. 1 It- 

The same expression goes to the equivariant higher Todd form 

^ I It ■■■•>»* I It- 

Theorem 2.3. The equivariant higher Bott-Chern forms induce a morphism of complexes 

ZC*(X, Pn) — hn) — ©p >0 D *, p) [2 p]r„ ©^>0 D *, p) [2 p]r„ , 

which is denoted ^ych^. Here, ZC'*(X, and ZCf^fX, pn) are the (cohomological) complexes 
associated to the homological complexes ZC'*(X,/i„) and 'LCl™'^{X, pn)- 
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If X is a //„-equivariant arithmetic scheme over an arithmetic ring we shall 

denote X® := (X(C),-Foo) the real variety associated to X where F^o is the antiholomorphic 
involution of X(C) induced by the conjugate-linear involution F^o over (Zl,S,Foo)- For any 
sheaf of complex vector spaces V with a real structure over Xjr, we denote by a the involution 
given by 

uj ^ F^{u;). 

Write Zl*(XiR,p) := D*{X{C),py for the subcomplex of D*{X{C),p) consisting of the fixed 
elements under a, we define the real Deligne-Beilinson cohomology of X as 

HUXMp)) ■■= H*iD*iX^,p)). 

Let us denote by T’{X,pn) the exact category of //„-equivariant hermitian vector bundles on 
X, and by S{X,fin) the simplicial set associated to the Waldhausen S'-construction of P{X,pn) 
(cf. |T3[ Section 2.3]). The forgetful functor (forget about the metrics) tt : V{X, pn) ’F(X, pn) 
induces an equivalence of categories, so we have homotopy equivalence 

I S{X,Pn) N| S{X,Pn) I 

and isomorphisms of abelian groups 

Km{X,Pn) = TTm-rld S{X,Pri) |,0) 

for any m > 0. To give the simplicial description of the equivariant regulator maps, we associate 
to each element in SkV^X, pn) a hermitian {k — l)-cube. Firstly, notice that an element A in 
SkV^X, pn) is a family of injections 

^0,1 ^ ^0,2 ^ ^ 

of /Un-equivariant hermitian vector bundles on X with quotients Ai^j ~ Aqj/Aq^i for each i < j. 
For fc = 1, we write 

Cub(Ao,i) = ^0,1- 

Suppose that the map Cub is defined for all I < k, then Cub^ is the {k — l)-cube with 

^Cub^ = sl _2 ■ ■ ■ s}(^o,i), 

S^Cubjd = Cub(9o^). 

Let IjSpX, pn) be the simplicial abelian group generated by the simplicial set S{X,pn), 
and let M{'LSpX,pn)) be the Moore complex associated to ZS^{X, pn) with differential d = 
where di is the face map of S{X,pn). Then, according to |BW1 Corollary 4.8], the 
map Cub defined above extends by linearity to a morphism of homological complexes 

Cub: M{ZSpX,pn))^ZCpX,p^)[-l], 

and hence one gets a simplicial map 

Cub: ZSpX,pn) ^ IC{ZCpX,pn)[-l]) 

where /C is the Dold-Puppe functor. 
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Definition 2.4. Let notations and assumptions be as above. We denote by 

the homological complex associated to the complex T<o[D*{X^^,p)[2p]'j which is the canonical 

truncation of D*{Xf^^,p)[2p] at degree 0. We dehne a simplicial map 

chg : S{X, fin) - T^S.iX, fin) 

Cub 

where Hu is the Hurewicz map. 

Definition 2.5. Let X be a //^-equivariant scheme over an arithmetic ring {D,T, Foq), and let 
X^^ be the fixed point subscheme. The higher equivariant arithmetic K-groups of X are defined 
as ^ 

Km{X-, fJ-n) '■= TTm+i (homotopy fibre of | ch^ | ) for m > 1, 

and the equivariant regulator maps 

chg : Kn^iX.fin) 

p>0 

are defined as the homomorphisms induced by ch^ on the level of homotopy groups. 

Remark 2.6. (i). We have the long exact sequence 

• • • ^ iL^(X, Pn) ^ fin) ^ 0 , R{p))r„ ^ Km-liX, fin) ^ ' 

p>0 


ending with 

■■■^K,iX,fin) -- ©p>o HIP-\X^„ , M(p))k, 


TTi (homotopy fibre of ch^)- ^Ko{X,fin) ®p>o H^{Xpn:'^{p))Rr.- 

(ii). Whence n = 1, by the construction of the higher Bott-Chern forms, Definition 12.51 
recovers the results given in |BW] for the non-equivariant case, namely 

ch, : KmiX,fi,) ^^H]^-^iXMp)) 

p>0 

equals the Beilinson’s regulator map. 

(hi). The higher equivariant arithmetic K-groups Km{X, fin) can be defined for non-proper 
X, for details, see m Section 2]. 
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(iv) . Let s(chg) denote the simple complex associated to the chain morphism 

ch 

Then, for any m > 1, there is an isomorphism 

km{X,g,n)Q = Hm{s{chg),Q). 

(v) . A /x„-equivariant hermitian sheaf on A is a /i,i-equivariant coherent sheaf on X which is 
locally free on A(C) and is equipped with a //,i-invariant hermitian metric. To a ^ri-equivariant 
hermitian sheaf, the higher equivariant Bott-Chern form can still be defined in the same way. 
Denote by V{X,fj,n) the category of ^^-equivariant hermitian sheaves on X, then instead of 
V{X,firi) one may define a new arithmetic K-theory Kl{X,iJ,n) which is called the equivariant 
arithmetic K'-theory. Since V'{X,gLn) and V{X,gLri) define the same algebraic K-theory whence 
X is regular, it is easily seen from the Five-lemma that the natural inclusion V{X,ian) C 
V'{X,fj,n) induces isomorphisms Km{X,g,n) = K'^{X,iJn) for any m > 1. 

2.2 Equivariant analytic torsion for hermitian cubes 

In [BK] . J.-M. Bismut and K. Kohler extended the Ray-Singer analytic torsion to the higher 
analytic torsion form T for a holomorphic submersion of complex manifolds. The purpose of 
making such an extension is that the analytic torsion form T satisfies a differential equation which 
gives a refinement of the Grothendieck-Riemann-Roch theorem on the level of smooth forms. 
Later, in |Malj . X. Ma generalized J.-M. Bismut and K. Kohler’s results to the equivariant case. 
To the higher K-theory and the Deligne-Beilinson cohomology, a refinement of the Riemann- 
Roch theorem on the level of morphism of complexes representing the regulator maps needs an 
extension of higher analytic torsion for hermitian cubes, this is the content of |Roej . In this 
subsection, we do the equivariant case by using Ma’s equivariant analytic torsion forms. Our 
construction is slightly different with but is equivalent to Roessler’s construction. 

Let A, Y be two smooth //^i-projective varieties over C, and let / : A —>■ K be an equivariant, 
smooth and proper morphism. A Kahler fibration structure on / is a real closed (1,1)-form oj on 
A which induces Kahler metrics on the fibres of / (cf. |BKl Def. 1.1, Thm. 1.2]). For instance, 
we may fix a //^-invariant Kahler metric on A and choose corresponding Kahler form a; as a 
Kahler fibration structure on /. Let {E, h^) be a ^^-equivariant hermitian vector bundle on A 
such that E is /-acyclic i.e. the higher direct image R'^f^E vanishes for q > 0. The equivariant 
analytic torsion form Tg{f, u, h^) is an element of 0p>o which depends on /, cj 

and {E,h^) and satisfies the differential equation 

dTg{f,iO,h^) = Chg{f,EJ,h^) - [ Tdg{Tf,h^f)chg{E,h^) 

{2m) 

where is the hermitian metric induced by oj on the holomorphic tangent bundle T f and r is 
the rank of the bundle T. We would like to caution the reader that the equivariant analytic 
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torsion form we use here coincides with Ma’s definition only up to a rescaling. In [Mall p. 1550], 
one defines an operator which acts on differential forms. If we denote by Tg{f,uj,h^) Ma’s 
equivariant torsion form, then the equality 2^(Tg{f,uj, h^)) = T^(/, w, h^) holds. From now on, 
we shall write Tg{io, h^) or Tg{h^) for Tg{f,uj, h®), if there is no ambiguity about the underlying 
map or Kahler form. The following anomaly formula is useful for our later discussion. 

Theorem 2.7. Letoj' he the form associated to another Kahler fibration structure on f : X ^ Y. 
Let h''^^ he the metric onT f induced bv this new fibration. Then the followinq identity holds in 
©P>0 {D^^-\Y,^,p)/lmd): 

Tgico, h^) - Tgioo', h^) =Chg{UE, h^* ^ , h'^^ ^) 

- [ Td,(T/, h^f, h'^f)chgiE, h^) 

[2m) 

where [f^E,hY^ ^h'^*^) and [T f,h'^^ ,h'^f) stand for the emi-l-cubes of hermitian vector bun¬ 
dles 

0-- if,E, h'YE) [f^E, hf*^) -- 0-- 0 

and 

0-^ (T/, h'^f) [Tf, hf^f) -^ 0-^ 0 . 

Proof. This is [Mall Theorem 2.13]. □ 

According to the proof of [Mall Theorem 2.13], the differential form which measures the 
difference 

Tgiuj, h^) - Tg[u\ h^) - ChgihE, h^^^, h'^*^) + [ Td,(T/, h^f, h'^f)chg[E, h^) 

in Theorem EH can be explicitly written down. Let us denote by A[f,E,u},uj') this differential 
form, then it satisfies the differential equation 

dA[f,E,0J,0j') =Tg{u,h^) -Tg{uj',h^) -chg{f,E,hf*^,h'f*^) 

+ [ TdgiTf, h’^f)dlg{E, h^). 

(27rz) Jx^„/Y^„ 

Now we consider the following setting. Let Z be a compact Kahler manifold and let Zi be 
a closed submanifold of Z. Choose a Kahler metric on Z and endow Z\ with the restricted 
metric. Let fz'XxZ^Y xZbe the induced map and let uj,uj' be the Kahler forms of the 
product metrics on X x Z with respect to two Kahler fibrations on / : X —>■ K. Similarly, let 
fz^ : X X Zi ^ Y X Zi be the induced map and let ivi , be the Kahler forms of the product 
metrics on X x Zi with respect to the same two Kahler fibrations on / ; X —)■ K. We shall 
denote by j (resp. i) the natural embedding X x Zi ^ X x Z (resp. Y x Zi —>■ K x Z). Then 
j*u) = cji and j*u!' = Let E be an /^-acyclic hermitian bundle on X x Z, we have the 
following result. 
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Lemma 2.8. The identity i*A{fz,E, 00 , 00 ') = A{fzi,j*E,ooi,oo'i) holds. 

Proof. There are two ways to define the secondary characteristic forms c\ig{f^,E,hE^,h'E^) 
and Tdg{Tf, , h''^-^). The first one is using the 1-transgression bundle construction, and the 
second one is using the supertraces of Quillen’s superconnections like the definition of analytic 
torsion, see [BGSj . The resulting forms are different but they induce the same class modulo 
Imd, and their difference is compatible with the restriction in the situation explained before this 
lemma, see the proof of the uniqueness of secondary characteristic class [BGSl §1. (f)]. On the 
other hand, using the second definition of the secondary characteristic forms i.e. the supertraces 
of Quillen’s superconnections, the main contribution of the proof of [Mali Theorem 2.13] was 
to express the difference A as a limit of differential form which is naturally compatible with 
the restriction in the situation explained before this lemma. Therefore, we have the desired 
identity. □ 

Roughly speaking, the equivariant analytic torsion for hermitian cubes is a chain homotopy 
of the following diagram of homological complexes 

ch 

ZaiX,^^n)^®p>oD^P-*iXf.„,p)R„ (8) 

J* /Mn*°Tdg(T7).(.) 

cli 

Like the non-equivariant case treated in |Roe| . the equivariant analytic torsion for hermitian 
cubes induces a commutative diagram on the level of homology groups and hence one gets an 
analytic proof of the equivariant version of Gillet’s Riemann-Roch theorem for higher algebraic 
K-theory. 

To construct a chain homotopy of ([ 8 ]), let us move in two steps. Notice that the equivariant 
higher Bott-Chern form factors as 

~ \ ~ ■ ch^otr* 

za(x, ^in) — T.cr'{x, iOn) — ©p>0 D^P-*{Xg^,p)R^, 

we firstly clarify the difference between /*(tr o A(-)) and tr o A(/*(-)). Let E he a hermitian 
/s-cube in V{X,fin)- Since the Waldhausen K-theory space of V{X,fin) is homotopy equivalent 
to the Waldhausen K-theory space of the full subcategory of V{X,fin) consisting of /-acyclic 
bundles, we may assume that E is /-acyclic. Then the hermitian bundles /*(trfc o X{E)) and 
trfc o A(/*(K)) are canonically isomorphic as bundles, but carry in general different metrics. In 
the following, we shall write H{E) for the short exact sequence 

0-^ /*(trfc o \{E)) ^^trfc o A(/*(K))- 5 - 0-^0 

which is an emi-l-cube of hermitian bundles on K x The transgression bundle of H{E) is 

a hermitian bundle on K x But here we make a slight modification, let pi be the first 
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projection from y x x (P^)^ to y x (P^)^, we apply the transgression bundle construction to 
the short exact sequence H{E) with respect to the projection pi to get a hermitian bundle on 
y X With some abuse of notation, we still denote this hermitian bundle by tri(iif(i?)) 

and it satishes the following relations; 

tTi{H{E)) |yx{o}x(pi)‘^=trfcoA(/*(^;)), iTi{H{E)) \ 

Y x{oo}x (pi)fc= /*(trfc o \{E)) 

and 

txi[H{E)) |Yx(pi)»x{o}x(pi)''-i= 
tii{H{E)) |yx(pihx{oo}x(pi)fc-i=tri(F(9"^E)) ®tri{H{dlE)) 
for i = 1, - ■ ■ ,k. Now we define 

2(t+l)!(2,i)^-+- AC»+.(log | p,--. .log | p). 

The same reasoning as in [Eoei Lemma 3.3] proves that 11^ vanishes on degenerate fe-cubes, and 
hence we obtain a map 11'^ : ZC'fc(X,/r„) ®p>o P)Rn by linear extension. 

Proposition 2.9. The equality 
doI\'^{E) + YiYi°d{E) 

=c\ig{f^E) - ^ ^ [ ch°(/*(trfc o X{E))) A Cfc(log P, • • • ,log | Zk P) 

ZKl[Z7n) J(pl)fe 

holds. 

Proof. We compute 

AdC.+idog | g. |t''' .log I t) 

('—ly+i f _ 1 

A ((- 2 )(‘+ 1 ) E(-ir'(- 4 ».) 

idzj=oo - dzj=o) A Ck{log I Zi p, • • • , log I Zj |2, • • • , log I Zk+l P)) 

ip,.« " y 2 ><^ +E(-ir‘(- 4 ».) 

idzj=oo - dzj=o) A ^^(log I p, • • • , log I Zj |2, ■ ■ • , log I Zk+l P)) 

+ ° ^ I gl p, ■ ■ ■ , log I 1^) 

- 2l!^ y h.(tri= = HE))) A C,(log | |^ .... log | z, |=) 
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/_-|'\fc+l r fe+i _ _ _ 

Ck{log \ zi p, • • • ,log I Zk 1^) 

+ chg(/*£’) 

- 2 l!^ ° '' ‘^‘*'“8 hi P. ■ ■ ■ . log I o. 1=) 

“SrIsfI I'’"' I"<= i'> 

+ chgif^E) 

- 2S^ ° ^ Ul l^ • • • . los I I") 

= - n'fc_i o d(E) + chgif.E) 

- 2S^ ° '' Ul l^ • • • . los I I")' 

So we are done. □ 

On the other hand, we equip X x (P^)^ with the product metric and we define 

= A.iiwo -ifc / Ck+iiTgitrk o A(i?)),log I zi |2, • ■ ■ ,log I Zfc |2) 

[k + 7(pi)fc 

where Tg{tik o \{E)) is the equivariant higher analytic torsion of the hermitian bundle tr^ o 
X{E) with respect to the fibration f : X x (P^)^ Y x (P^)*^. By [Roe! L^ma 3.5], the 
map n'^' vanishes on degenerate Ai-cubes and hence we obtain a map II'^' : ZC'fc(X,/i„) —)> 

by linear extension. 

Theorem 2.10. Set 11^ = 11'^ + B'^, then Ilfc decides a chain homotopy of the diagram m- 
This map 11^ : ZC'fc(X,/i„) ^ ®p>o D‘^^~^~^0^^ir^^P)Ru called the equivariant higher analytic 
torsion for hermitian cubes. 

Proof. Let i? be a hermitian Ai-cube in ZC'fc(X,/r„), we compute 
d o Uk{E) + nfc_i o d{E) 

=d o n',(E) + o d(E) + d o U'l(E) + n"_i o d(E) 

=chg{ffE) - ^ ^ [ ch°(/*(trfc o \(E))) A ^^(log | 211 P, • • • ,log | Zk 0 

ZK'.[Z7rij J(pl)fc 

+ doUUE)+U'l_,od(E). 

and 

doU’l{E) =—————— / dC'fc+i(rg(trfc o A(L;)),log | 211 P,-- - ,log | Zk f) 

(/c + l)!(27rz)'= 
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{Szj=oc - Szj=o) A Ck{Tg{tVk O X{E)),log I Zi 1^, • • • , log I Zj |2, • • • , log I Zk 1^) 

+ dTg{trk O X{E)) • ^^(log I Zi p, • • • , log | Zk P)) 

A,i ^L-i [ '^{-'^y[Ck{Tg{tTk-io X{d°E)),log I p,-- - ,log I Zk-i P) 


-Cfc(rg(trfc_i o ©trfc_i o A(9j^;)),log | zi 

, (- 1 )" r 1 f 


,log I Zk-l P)] 


2k\{2m)^ 7(pi)fc 


|ch;{/.{tr,oA(E)))-^^ 


X^„x(Pl)V'i^MnX(Pl)'= 


Td,(r/) 


cli°(trfc o A(^;))] • ^^(log I zi p, • • • , log I Zk P) 

= -iyUod{E) 


2k\{2m)^ J(pi)k 

1 r 


Combining these two computations, we finally get 


ch°(/*(trfc o A(^))) A Ckilog I p, • • • ,log I Zk |^) 
Td3(^).ch^(:B). 


d o Uk{E) + nfc_i o d{E) = chgif.E) - f Tdg{Tf) • Chg{E) 

{2m) 


So we are done. 


If we are given another fibration structure oj', then for any /-acyclic hermitian fc-cube E in 
T’{X,fin), the short exact sequence 

0-- {f,E, h'f*^) {UE, hf*^) -- 0-- 0 

forms a hermitian (/c + l)-cube Hj{E) on Y such that the transgression bundle tr^+i (A(i^j(i?))) 
satisfies the relation 

trfc+i(A(F/(;B))) |yx{o}x(pi)fc= trfc(A(/*.E,h^*'®^)), 
trfc+i(A(i7/(;E))) |yx{oo}x(pi)fc= trfc(A(/*^;,/i''^*-®^)) 

and 

tTk+i{KHf{E))) I 

yx(pi)ix{o}x(pi)'=-* — iTk{KHf{d^E))), 

iik+i{KHf(E))) |yx(pi/x{oo}x(pi)fc-«= trfc(A(F/(9"^;E))) ®iTk{X{Hf{d}E))) 

for i = 1, • • • , A:. Therefore, the following map 

= 2(fc +f ° ^ I t,"' ,iog I -Ml t) 
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which vanishes on degenerate cubes provides a chain homotopy of homological complexes be¬ 
tween the maps chgof^ and ch^o/' where fl{E) := {f*E, is the push-forward with respect 

to the new fibration oj'. Similarly, by projection formula, the map 


nf (£) := 


(- 1 )* 


2A:!(27ri)^ ^(pi) 


L)J( 27 ri)-/, 


TAg{Tfyf,h'^f) 

X^„x(Pl)fc/’^M„x(Pl)'= 

ch°(trfc o A(^))] •C'fc(log I - ,log I Zk 


gives a chain homotopy of homological complexes between the maps o (Tdg{Tf, ‘ch^) 
and o (Tdg{Tf, h'^^) • ch^). Finally we write for the chain homotopy 

defined in Theorem 12.101 between the maps ch^ o/' and fg^^ o (Tdg{Tf, ‘chg) with respect 

to the new fibration u'. Then decides a chain homotopy between chg o 

and fg^^ o (Tdg{T• ch^). At the last of this subsection, we compare this homotopy 
— n® with constructed in Theorem 12.101 

Definition 2.11. Let /, g be two morphisms of homological complexes A* ^ B^, and let hi, h 2 
be two chain homotopies between / and g. We say that hi is homotopic to /12 if there exists a 
map H : ^ l ?*+2 satisfying the condition that Hd — dH = hi — h 2 - 


Now, we denote by Hj (E) the following emi-2-cube of hermitian bundles on T x (P^)^ 


/*(trfc o X{E))-^tiCk o \{fi{E)) 


Id 


Id 


/*(trfc o A(F;)) ^^trfc o X{f^{E)) 


0 

0 


0 


0-^0. 


Then we construct a hermitian bundle ti 2 [Hj {E)^ on T x ^s a modified second trans- 

rf _ 

gression bundle of Hj (E) such that it satisfies the following relations: 

tT2{Hj'(E)) I 

yx{o}x(pi)''+i~ tvk+i{X{Hf{E))), 

tT2{Hj\E)) I 

Y x{oo}x (pi)fe+i= tri(iL/(trfc o X{E))), 

H2{Hj (E)) |yxPlx{0}x(Pl)''~ (E)) |yxPlx{oo}x(Pl)''~ 

and 

ti2{Hj'(E)) lvx(pi)“+ix{o}x(pi)^-*= ^^2{Hf{d°E)), 

ti 2 {Hj\E))) |Yx(pi)i+ix{oo}x(pi)fe-i= i^ 2 {Hf{d-^E)) (T tr 2 {Hf {d}E)) 
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for i = 1, • • • ,k. We set 

(-1)^+2 




2(fc + 2)!(27ri)^+2 ^(pi) 


/ ch°(tr 2 (i^( {E))) A C'fc+ 2 (log | p, • • • ,log | Zk +2 P)- 

J(pl)fc+2 


f/ 

Then Hj ^ vanishes on degenerate fe-cubes, and we obtain a map 

: ZCfc(X,^„) ^ 

p>0 


by linear extension. 

Proposition 2.12. Tet notations and assumptions be as above. Then the chain homotopy 11^ 
is homotopic to the chain homotopy . 


Proof. Firstly, we set 


nf )(i?) := 


Ck+i{ 


{k + l)!(27ri)^ ^(pi)^ (27ri)’’ x(pi)'=/Y^„x(pi)'“ 


Td,(r/,h^^,h'^/) 


ch°(trfc o A(F;)),log 1 p, • • • ,log \ Zk\^). 


It also decides a chain homotopy between the maps o (Tdg(T/,• ch^) and o 
(Tdg(T/,• chg). Since the product • on Deligne complex is graded commutative and is 

associative up to natural homotopy, we claim that ' (E) is naturally homotopic to 11^ (E) 
so that we are left to show that 11^ is homotopic to — 11^ '. Actually, our claim 

follows from the fact that dll® (Fi) — \e) = Il^i^\—dE) — \—dE) and |T3[ Remark 

2.4, Lemma 2.5]. 

Now, let Fi be a hermitian F-cube in 'P{X,fin) which is /-acyclic. We compute 


don^;,(F;) 


= 2(k + 2)!(2li)t+2 ch;(tr2(gf (E))) A dCt.^2(log | q ,log | R 

i — i y+2 r , _ 1 ^+2 

= 2(k + 2)!^ t,.. »-P'‘ + E(-ir ■(-4..) 

{bzj=oo - 4j=o) A C'fc+i(log I Zi p, • • • , log I Zj |2, • • • , log I Zk+2 p)] 

, _ i_iy+i f _ _ 

=nL- od(E) - -ch;(tr.(fl-(E)))]A 

Cfc+i(log I zi p, • • • ,log I Zk+i P) 


i—iy+i r _ _ 

+ 2{k + l)!(2,ri)^-^- - ch;(tri(gHtrt o A(i-:))))]A 

C'fc+i(log I 2l P, • • • ,log I Zk+1 1^) 
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=uj',_^od{E)-U',{E) + uf{E) 
C'fc+i(log I zi p,--- ,log I Zk+i P). 


On the other hand, according to the anomaly formula Theorem 12.71 we have 




(- 1 ) 


fc+i 


{k + l)!(27ri)^ ^{pi)^ 

(_l)fc+i . 

{k + l)\{27ri)^ J'' ^ 

(-1)"+^ f r (-L f 

{k + l)l{27Ti)’^ J(pi-jk dvri iy 

log ,log I Zk P) 


Cfc+i(rg(trfc o A(.E)),log I p,--- ,log I Zk 1^) 

Ck+i{T^{tTk o X{E)),log I zi p,--- ,log I Zk 1^) 

ch°(tri(i?/(trfc o X{E)))) log | zq |^, 


>7nX(Pl)'“ + V>7nX(Pl)'“ 


(-1) 


k-\-l 


{k + l)!(27ri)^ y(pi)fc 

log I l^--- ,log I Zk 1^ 

(_l)fc+i 


^"+'^(27rir Ix, 


TdgiTf, h'^f)di%iTk o X{E)), 


+ 


{k + l)!(27rz)^ J{w^)k 

(_l)fc+i 


2(fe + l)!(27rz)fc+i 7(pi)/c+i 

(_l)fc+i . 


+ 


{k + l)!(27ri)^ J{w^)k 


Xfin X (Pl)0'>TnX(Pl)'= 

/ Cfc+i(dA(/,trfcoA(.E),a;,a;')>log P,--- ,log Ufc P) 

ch°(tri(i7/(trfc o A(.E)))) AC'fc+i(log | zi p,--- ,log | Zk+i P) 
Cfc+i(dA(/,trA: o A(.E),a;,a;'),log P,--- ,log | Zk P) 




We formally define a product C'fc+i(A(/,tr^ o A(i?),w,w'),log | zi P,--- ,log | Zk P) in a 
similar way to Ck+i{-, ■■■,•) like follows. 

C'fe+i(A(/,trfc o A(^;),w,w'),log P,--- ,log | Zk |^) 

= “ (“^)^ Y1 I Ml) 1^ *(^08 I M2) P •(• • • log I MO 1^) • • •) 

o-e&k 

- (-^)^ Y1 I ^a(i) P ‘(A • (log I z^( 2 ) p •(• • • log I p) ■ ■ •) 

crG6fe 


“ (“!)'" log I ^a(l) P ‘(log I ^a( 2 ) P •(• • • log I Z^^k) 1^ -A) • • •) 

crG6fc 


( 9 ) 
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Then we set 

^k(E)= ^ / C'fc+i(A(/,trfcoA(E),a;,a;'),log P,--- ,log I Zfc P), 

and it is readily checked by Lemma 12.81 that 

Ak-i{dE)-dAkiE) = / C'fe+i(dA(/,trfcoA(L;),a;,w')>log | p,--- ,log | Zk P). 

(fe + l)!(27rz)'' y(pi)fc 

Combing all the above computations, we finally get 

+ Ak-i) O d(E) - d O (nj;, + Ak)(E) 

= - uf\E) + Ui(E) - nW(E) + Ak-i{dE) - dAk(E) 

+ 2(fc + l)!(2vrz)^+i y^^^^^^^chO(tri(if^(tr,oA(i?)))) AC,+i(log | |^ • • • ,log | p) 

= - ui^\E) + u',(E) - nW(:B) - nf \E) + u'^E) + n^p(E) 

=Uk(E) - (nl')(;E) + U^^\e) - U^P(E)). 

So we are done. □ 


2.3 Direct image map between arithmetic K-groups 

In this subsection, we define the direct image map between arithmetic K-groups of ^^-equivariant 
arithmetic schemes by means of the equivariant higher analytic torsion for hermitian cubes 
constructed in last subsection. 

Let now X and Y be two /r^i-equivariant schemes over an arithmetic ring {D, S, Eoo). Assume 
that / : A —)■ K is an equivariant, proper and flat morphism from A to K such that / is smooth 
over generic fibre. Notice that the chain homotopy 

n* : Za(A(C),//„) 

p>0 


is cj-invariant and the following diagrams 


5^-""y^iic(A,Z5,(A,^ A(Za(A,/i„)[-l]) 


S(Y,p^) - ^^ZS,(Y,pr^)^^ma(Y,f^n)l-l]) 
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are naturally commutative, we obtain a square of simplicial sets 


S{X,^ln) 

f* 

S{Y,fin) 


/Mn*°Td„(T7).{.) 


which is commutative up to an explicit homotopy. Applying the geometric realization construc¬ 
tion to the above square, we get a continuous map between homotopy fibres 

I / |: homotopy fibre of | ch^ |—homotopy fibre of | ch^ | . 

Definition 2.13. For m > 1, the direct image map /* : Km{X, Hn) —^ KmiXjTn) is defined as 
the homomorphism of abelian groups deduced by the map | / | on the level of homotopy groups. 

Remark 2.14. The condition “flatness” of the map / is only used to guarantee that the di¬ 
rect image of an /-acyclic bundle is locally free. By introducing the arithmetic K'-theory and 
using the isomorphisms Km{X,fin) — which hold for regular schemes, the condition 

“flatness” can certainly be removed. 


To study the direct image map up to torsion, we need the following lemma. 

Lemma 2.15. Consider the following diagram of homological complexes 

^^ Bjf 

/.()/. 

C, - - --D*. 

Assume that j o fi (resp. j o f 2 ) is homotopie to gi oi (resp. g 2 °i) via the ehain homotopy hi 
(resp. h 2 ), and that fi (resp. gi) is homotopic to f 2 (resp. g 2 ) via the chain homotopy rrf (resp. 
-Kg). Suppose that the ehain homotopy j o ttj -|- /12 — o i is homotopic to the chain homotopy 
hi, then the morphism on simple complexes 

ifh 9i: hi) ; ; A* —)■ R*) —)• ; (7* —)• D*) 

is ehain homotopie to (/ 2 , 5 ' 2 ,^ 2 )- 



Proof. Let (a,6) G Ak^Bk+i, the morphism {fi,gi,hi) (resp. {f 2 , 92 ,h 2 )) sends (a,6) to 
{fi{a),gi{b) -I- hi{a)) (resp. (/ 2 (a), 5 ' 2 (fe) + h 2 {a))). Let H : A^ ^ D *+2 be the homotopy such 
that 

Hd — dH = hi — {j o TTf + h 2 — TTg o i), 
and we define H{a,b) = (7r/(a), —TTg{b) + H{a)). Then we compute 

dH{a, b) =d{7rf{a), —TTg{b) + H{a)) 
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={d'Kf{a),j o 7r/(a) + d'Kg{b) — dH{a)) 

=(/i(o) - /2(a) - TTf{da),gi{b) - g2{b) - -Kg{db) - Hd{a) + hi{a) - /12(a) + vr^ o i{a)) 
={fi{a), 9 iib) + /11(a)) - (/ 2 (a),c/ 2 (ft) + /i2(a)) - {-k fd{a),-ng{db) - % 0/(0) + Fc/(a)) 
=(/i(a), 5 i(^) + hi{a)) - (/2(a),52(ft) + /i2(a)) - H{da,i{a) - db) 

={fi{a),gi{b) + / 11 (a)) - (/ 2 (a), 52 (/)) + /i 2 (a)) - Hd{a,b). 

So we are done. □ 

Corollary 2.16. Let notations and assumptions be as above, then the direct image map /* : 
Km{X, Hn)Q —>■ Km{Y, without torsion is independent of the choice of the Kabler fibration 
structure. 

Proof. This follows from Remark 12.61 (iv), Theorem 12.121 and Lemma 12.151 □ 


3 Transitivity of the direct image maps 

Let f : X ^ Y, h :Y Z and g : X ^ Z he three equivariant and proper morphisms between 
//„-equivariant schemes, which are all smooth over the generic fibres. Assume that g = ho f, m 
this section, we shall compare the direct image map g^ with the composition /i^, o/^. To this aim, 
we shall firstly discuss the functoriality of the equivariant analytic torsion forms with respect to 
a composition of submersions. 

3.1 Analytic torsion forms and families of submersions 

Let W, V and S be three /iri-equivariant smooth algebraic varieties over C with S = . Suppose 

that f : W ^ V and h : V ^ S are two proper smooth morphisms, then passing to their 
analytifications the maps / : W{C) —>■ R(C) and h : R(C) —)• S(C) are holomorphic submersions 
with compact fibres. Set g = /i o /, it is also a proper smooth morphism and g : W{€.) <S'(C) 

is a holomorphic submersion with compact fibre as well. 

Let and be two /r^-invariant Kahler forms on W and on V. As before, and 
decide Kahler fibration structures on the morphisms /, h and g and they induce //^-invariant 
hermitian metrics on relative tangent bundles Tf,Th and Tg. Consider the following short 
exact sequence of hermitian vector bundles 

T{f,h,hof): rTh^O, 

it can be regarded as an 1-cube of hermitian bundles on W. Then the equivariant higher Todd 
form Tdg{T{f, h,h o f)) has been defined and it satishes the differential equation 

dTdg{T{f, h, hof ))= Tdg{T-g) - f;Tdg{Th)Tdg{Tf). 

Now let K be a hermitian vector bundle on W , we shall assume that E is /-acyclic and 
5 -acyclic. Then the Leray spectral sequence f^.E) degenerates from E 2 so that 
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fifE = B?f^{E) is /i-acyclic and g^E = h^f^E. Clearly, g^E and h^fit.E carry in general different 
LP' metrics. Consider the following short exact sequence of hermitian vector bundles 

i?(/, h, h o : 0 —y /i* fifE —)■ g^fE —>■ 0 —>■ 0, 

it can be regarded as an emi-l-cube of hermitian bundles on S. Then the equivariant higher 
Bott-Chern form chg(i?(/, h,ho f)) satisfies the differential equation 

dchg{E{f, h,ho /)) = ch.g{g^E) - chg{Kf^E). 


The main result in this subsection is the following. 

Theorem 3.1. Let notations and assumptions be as above. Then the following identity holds 
m ©p>o {D'^^-HS,p)/\nid): 

Tg{g,UJ^ ,h^) -Tg%U:^ [ Tdg{Th)Tgif,iV^,h^) 

{27nyh 

=Png{E{f, h, hof))- [ Tdg{T{f, h, h o f))chg(E) 

[Zm) s Jw^„is 

where and Vg are the relative dimensions of /S and /S respectively. 


Proof. This is a natural extension of |Ma2l Theoreme 3.5] to the equivariant case. To prove 
this extension, one may follow the same approach as Ma in [Ma2[ Section 4-Section 9]. In fact, 
as a purely functional analysis argument, the [Ma2l Theorem 4.5, 4.6 and 4.7] can be extended 
formally to the equivariant case by introduing in the right place the operator g which stands 
for a fixed generator of ^n(C) in Ma’s article. The reason one can do this formal extension has 
been given in [Mali Section 5]. For the equivariant extensions of [Ma2l Thoerem 4.8, 4.9, 4.10 
and 4.11], one needs to show that their proofs are local on f~^{Vg^) and certain rescaling on 
Clifford variables which doesn’t effect the action of g can be made (cf. |Ma2l Section 7 b)]), 
this would guarantee that the main technic in |Ma2j . the relative local index theorem can still 
be applied. While all necessary technics for doing the above equivariant extensions have been 
presented in [Mali Section 7, 8, and 9]. Hence we get the desired identity, details are left to 
interested readers. □ 


Remark 3.2. Denote by A(/, h, , E) the differential form which measures the difference 

1 r 


Tg{g,UJ^ ,h^) -Tg{h,u^ ,hf*^) - 


Tdg{Th)Tg{f,UJ^ ,h^) 


(27rF 


rh 




-chg{E{f,h,ho f)) + ^ f 


Tdg{T{f,h,hof))chg{E) 


'W^„IS 

in Theorem 13.11 Assume that we are in the same situation described before Lemma 12.81 Call 
I : S X Zi ^ S X Z the natural inclusion, then similar to Lemma 12.81 we have that 

TA{fz,hz,uj^,uj^,E) = Aifz„hz„ujY,ujY,f^- 
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3.2 The transitivity property 

In this subsection, we present certain transitivity property of direct image maps between equiv- 
ariant higher arithmetic K-groups. To do this, we firstly write down the following diagram of 
homological complexes 


ch, 


za{x, D^P-*{X^^,p)n.^ 


ch, 


/Mn*°Tds(r/).(.) 


za(y, Pn) ©.>0 d^p-*{y^^,p)r.^ 


ch 


h^„^oTdg{Th).i-) 


Z©(Z, Pn) ©„>0 D^P-*{Z^^,p)r^ 


( 10 ) 


As in last subsection, set g = ho f. Let i? be a hermitian /c-cube in ^(X,//„), then the short 
exact sequence 

0-^ Kf^E ^ 0-^ 0 


can be regarded as a hermitian {k + l)-cube Hhof{E) on Z such that the transgression bundle 
tvk+i[X{Hhof{E))) satisfies the relation 

trk+i{XiHhofiE))) I 

Zx{o}x(pi)'= = tT:k{X{g*E)), 


tTk+l{X{Hhof{E))) |zx{oo}x(pi)'== ^T^k{X{Kf*E)) 


and 


tik+i{X{Hhof{E))) \z x(pi)»x{0}x(pi)'=-»~ E ))^, 

t^fc+i (A(i^/io/(-£'))) lzx(pi)»x{oo}x(pi)''-»~ trfc(A(i^/io/(9j E))^ © trfc(A(iL/io/(9j-E))) 
for i = 1, • • • ,k. 


Proposition 3.3. The following map 

= 2(fc + l)?( 27 ri)fe+i ^p^^^^/hO(trfc+ioA(LI;,o/()E)))AC'fc+i(log | p,--- ,log | z^+i P) 

which vanishes on degenerate cubes provides a chain homotopy of homological complexes between 
the maps chg o g^, and ch^ o (/i* o /*). 


Proof. Using the above relations that the transgression bundle tr^+i(A(i7/io/(-E))) satisfies and 
the expression of dCk+i, the proof is straightforward. This can be also seen from the fact that 
Hfiof{E) provides a chain homotopy between g^ and /i* o □ 
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Proposition 3.4. The composition o Tdg{Th) • o Tdg(r/) • (•)) is equal to o 

f*JTdg{Th)T<lg{Tf) • (•). The following maps 


uf\E) :=_Li)! 


j(pi\k^{2TTiy9 


Tdg{T{f,h,hof)) 


2k\{2'Kiy J(pk)k {2'Kiya yX;,„x(pi)''/Z;,„x(pi)* 

ch°(trfc o A(^))] •Cfc(log I zi p,-- - ,log I Zfc P ) 


and 


nf\E) : = 


(- 1 ) 


fc+i 


{k + l)!(27ri)^ ^(pi)^ 


/ Td,(r(/,/.,/.o/)) 

(iTTZj 9 JX;,„X(P1)'=/Z^„X(P1)'= 

ch°(trfc o A(^)), log I zi p, • • • , log I Zfc P ) 


too chain homotopies of homological complexes between the maps g^^^ oTdg{Tg) • (chg(-)) 
and gg„^ o f*yidg{Th)Tdg{Tf) • (chg(-)). Moreover, II® (il^) and \e) are naturally homo¬ 
topic to each other. 


Proof. The first statement follows from the projection formula, the second statement follows from 
a straightforward computation and the third follows from [T3i Remark 2.4, Lemma. 2.5]. □ 


Now we write 11^ = 11^“^ + II^'^ for the chain homotopy of the upper square in (]10p and 
= H'jf + Il'iy for the chain homotopy of the lower square in (|1UI) . Then o 

(Tdg(T/i) •n{) +n^ o/* decides a chain homotopy of homological complex between maps 

chg o and < 7 ^^^ o Tdg{Tg) • (chg(-)). Suppose that the /r^-action on Z is trivial, it’s the main 

result of this subsection that the chain homotopy + hg^^ o {Tdg(Th) • II^) + II^ o /* — 
is homotopic to the chain homotopy 11^ = 11^ +for the whole square in (11011 . According to 
Proposition 13.41 it is equivalent to show that 11^^^ + V™* ° (Tdg(r/i) • n{) + o /* - ^ is 

homotopic to 11^. 

To see this, we firstly denote by the following emi-2-cube of hermitian bundles on 

Z X (Pi)*’ 


Kf*{tiCk o ME)) ^^trfc o \{KfyE)) 


Id 


Id 


gyiTk o \{E)) —trfc o \{gyE)) 


0 

0 


0 


0-^0. 


Then, like before, we construct a hermitian bundle tr 2 [H^^j.{E)) on g, modified second 

transgression bundle of Hf^^^{E) such that it satisfies the following relations: 


ti'2(77fo/(-®)) lzx{o}x(pi)'=+i — tTk+i{\{Hhof{E))), 
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|zx{oo}x(pi)'=+i= tri {Hhofitik o X{E))), 

tr2{Hl^j:{E)) |zxpix{o}x(pi)'== 
tr2(i?fto/(^)) lzxpix{oo}x(pi)'== ty:i{H{E,hJ^)) 

and 

tr2(^^feo/(-^)) lzx(pi)'+ix{o}x(pi)'=-*= ^^2{Hl^jr{diE)), 

MHof(E))) lzx(pi)^+ix{oo}x(pi)^-= M^lfid-^E)) etT2{Hl^{dlE)) 
for i = 1, • • • ,k. We set 

'= 2(k +~2)!(2li)*+^ A Ct+2(l°g I It-" ,log I t- 

Then vanishes on degenerate /c-cubes, and we obtain a map 

p>0 

by linear extension. This map satisfies the following differential equation 

doHi,fc(E) = 2(fe + 2|!(27rz)fe+2 A dCfc+2(log Pr" ,log | ^^+2 P) 

/_-|'|fc+2 /• _ 1 ^+2 

=2(Ffi)feijra A [(--)(t+2) 

iSzj=oo - Szj=o) A C'fc+i(log I Zi 1^, • • • , log I Zj |2, • • • , log I Zk +2 P)] 

ch°(tri(i^(.E,/i*/*)))] ACfc+i(log I zi p,--- ,log| 2 ;fc+i P) 

ch°(tri(i?,io/(trfc o A(^;))))] A Cfc+i^og | zi p, • • • ,log | Zk+i f) 

_ _ ('_T'|fc+i r _ 

=Hm o AE) - a'’(E) + cK«(tMHiE. E.f.))g 

C'fc+i(log I zi - ,log I Zk+i P) 

Cfc+i(log I zi - ,log I Zk+i P). 
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Secondly, we denote by the following emi-2-cube of hermitian bundles on Z x (P^)^ 

h*f*{trk o HE)) /i*trfc o A(/*(£’))-^ 0 

Id Id 

/i*/*(trfc o X{E)) —^tik o Hh*f*{E)) 

0 -^ 0 -^ 0 . 

Again, we construct a hermitian bundle tr 2 on Z x a modified second 

transgression bundle of H'^^^{E) such that it satisfies the following relations; 

lzx{o}x(pi)'=+i= tri(F(/*^,h*)), 

tr2(-f^fto/(-®)) lzx{oo}x(pi)fc+i= tri(/r*/*(trfc o A(^)) /r*/*(trfc o A(^))), 
tr2(i^feo/('^)) lzxpix{o}x(pi)'== til {H{E,h*f*)), 

tr2(i?^^o/(^)) lzxpix{oo}x(pi)'== tii{HH{E,H)) 

and 

tl'2(-f^/fo/(-^)) lzx(pi)*+ix{0}x(pi)'=-*= tr2(-f^/fo/(^i°-®))) 
tr 2 (i^;f„/:B))) |zx(pi)»+ix{oo}x(pi)^-= tr 2 (i?;",/a-i:B)) ©tr 2 (F;f„/ai:B)) 

for i = 1, • • • , A:. We set 

2(k ^ I It'" •>“15 I t- 

Then H 2 ,fc decides a map 

H2,fc : ZCkiX,g.n) -^^D‘^p-^-\Z,p)r^ 

p>0 

which satisfies the following differential equation 

= 2 (t + A<iCt+ 2 (log I g, p... .log I |5) 

('_1ifc+2 /■ _ 1 ^+2 

= 2(Fli)kT^ y,r,.« - [(-2)(‘ + 2) 

(4^=00 - Szj=o) A C'fc+i(log I Zi l^, • • • , log I Zj |2, • • • , log I Zk +2 p)] 

_ r _ 
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ch°(tri(/i*i^(^;,/*)))] A Cfc+i (log I zi p,--- ,log I Zk+i 

+ 2{k + l)!(2«)*+> *S(tri(H(/.E, A.)))a 

Cfc+i(log I zi p, • • • ,log I Zk+i P) 

o ,(E) + nf(f.E) - cl 

C'fc+i(log I Zi - ,log I Zk +1 p) 

/_-|\/c+l r _ 

I V / / „u 0 /x„ /L TT/r? £ \\\ A 


=H2,fcod(^;)+nf(/*s)- 


/ ch°(tri(i7(^,/i*/*)))A 


Cfc+i(log I zi - ,log I Zk+i p). 

Thirdly, notice that the short exact sequence 

h^tri [H{E, /*)) tri {h,H(E, /*))-- 0 

forms an emi-l-cube of hermitian bundles on Z x x (P^)^, we denote it by Hhof{E). Using 
the same construction as before, we construct a transgression bundle tri(^Hkof{E)) on Z X P^ X 
P^ X (P^)^ satisfying 

tTi{Hhof{E)) |zx{o}x(pi)''+i= tTi{KH{EJ^)), 

tTi{Hhof{E)) |zx{oo}x(pi)fc+i= Ktri{H{E,f^)), 
tj:i{Hhof{E)) |zxpix{o}x(pi)'== o A(/*^) /i*trfc o A(/*^) ^>0), 

tri [Hhof{E)) |zxpix{oo}x(pi)''= tU {Kf^iik o \{E) Kf*tvk o A(U) O) 

and 

tri {HhofiE)^ lzx(pi)®+^x{o}x(pi)'‘“*~ {^hof{di E)^ , 

tri(i?/io/(-E/)) lzx(pi)»+ix{oo}x(pi)'=-»~ tri -E)) 0 tri-E)) 

for i = 1, • • • ,k. So if we set 


il3,k{E) := 


2{k + 2 )!( 2 T,yA 2 j chj(tr,(//,„,(£))) A C^+2(log I Cl P ■ ^ ^ , log I p). 


it satisfies the differential equation 


/ -I \ ^_|_2 f ' 

doUs^kiE) = 2 (fc + 2)!(27ri)fe+2 J AdCfc+2(log | 0 P,--- ,log | Zk+2 P) 


=H3,fe od{E) 0 


2(A:0l)!(27rz)fc+i J(pi)k+i 


ch° (tri(/i*iJ(E;,/*)))A 
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Ck+ii^og I zi p,--- ,log I Zk+i P) 

r _ 

" 2(A: + l)!(27rz)fc+i 
Cfc+i(log I zi ,log I Zk+i P) 


Finally, we set 

:= fu^nSj\k+l f Ck+2{T,{h,h^^^i^(^^f*^)),log I Zi | 2 ,-- - ,log I Zk+1 P), 

(A: + 2)!(27^^)''+W(pl)fc+l 

then it satisfies 


doH4,fc(i?) = ., [ Ck+2{Tg{h,h^^^i^^^'f*^)),log I Z1 P,-- - ,log I Zk+i P) 

(A: + 2)!(27r^)''+^ y(pi)fc+i 

_ r _ 

° chS(..tr,(F(£,/.)))A 

Cfc+i(log I zi p, • • • ,log I Zk+i P) 

Cfc+i(log I Zi p, • • • ,log I Zk+i p) 

- i;ui~iwr-ifc / ^^fc+i(7;(h,h*^'=°^(^‘^)),log I zi |2,... ,log I Zk P) 

(A: + l)!(27rz)'= J(pi)fc 

+ i^ilW 9 -ifc [ Cfc+i(rg(h,h^**''''°^(-®^)),log I P,-- - ,log I Zk p) 

(A: + l)!(27rz)'= J(pi)fc 

=H 4 ,fc o d(E) -h,„^o {TdgiTh) . n'/(E)) 

C'fc+i(log I zi p, • • • ,log I Zk+i f) - U'l!^{f*E) 

+ i^iiW 9 -ffc / <^fc+i(7;(h,h^**''''°^(-®^)),log I P,-- - ,log I Zfc p) 

(A: + l)!(27rz)'= y(pi)fc 

Proposition 3.5. Let notations and assumptions be as above, then the chain homotopy n| = 
n'/ + n"^ is homotopic to + /i^„^ o (Tdg(^). n{) + o /, - nf ^. 

Proof. Let i? be a hermitian A:-cube in V{X,p,n) which is /-acyclic and ^r-acyclic. Using the 
above differential equations concerning Hj fc, we obtain that 


(Hi^fc + H 2 ,fc - - H4^fc) o d{E) - do (Hi^fc -|- H2 ,a: - - H4^fc)(-U) 

=n'/(u) - n«(u) - u'tim - nf (/*E) - o {Tdg{Th ). n'/(u)) 
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+ 2{k + iy.( 2 iri)M oA(E))))A 

Cfc+iOog I Zi p, • • • ,log I Zk+i P) 

+ -^k / Ck+i{Tg{h,hf*^’^>‘°^^^'^),log I P,--- ,log I Zk P) 

(A: + l)!(27rz)'« J(pi)fe 

On the other hand, according to Theorem 13.11 we have 

{k + l)!(2Ai)^ I .1 |^... ,log I z, 1=) 

- (k+mLii^ ). log 1 0 , p,..., log I p) 

-/i„..o(Td,(TH).nf(£)) 

= 2(t + l)!(2gi)*+> *S(‘--l(ff'.o/(tr, = A(E))))A 

C'fc+i(iog I zi p, • • • ,iog I zk+i p) - ^(.E) 

+ / C'fc+i(dA(/,/i,a;^,a;’^,trfc o A(.B)),log | zi p, • • • ,log | p). 

(fc + l)!(27rz)'= 

We then formally define a product C'fc+i(A(/,/i, trfcoA(i?)), log | zi p,--- ,log | Zk P) 

in the same way as ([9]), and we set 

^k{E)= ^ .Afc / C'fc+i(A(/,/i,w^,w’^,trfcoA(.E)),log I zi p,--- ,log I Zfc P). 

It is readily checked by Lemma 13.21 that 
Ak-i{dE) — dAk{E) 

/ C'fc+i(dA(/,h,a;^,a;’^,trfcoA(L;)),log I zi ,log I Zfc p). 

Combing all the above computations, we finally get 

+ H2,fc-i - H3^fc_i - Tl4,k-i + Ak-i){dE) - + H2,fc - Hs^fc - H4^fc + Ak){E) 

=n'/(E) - n«(;E) - n'tim - ntim - v* o (Td,(^). ii'1(e)) 

+ n"«(E) - V. ° (Td,m. nf (E)) + nf )(E) 

=nf(E) - (<)(E) + o (Td,(rh). ui(E)) + n^(/,E) - nf ^(E)) 

So we are done. □ 

Corollary 3.6. Let f : X ^ Y, h : Y Z and g : X ^ Z be three equivariant and proper 
morphisms between gn-^quivariant schemes, which are all smooth over the generic fibres. Assume 
that g = ho f and that the pn-action on Z is trivial. Then the direct image map g^, is equal to 
the composition h^ o /* from Krn{A,pn)(Q to Km{Z, Pn)Q for any m> 1. 
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4 The Lefschetz-Riemann-Roch theorem 

4.1 The statement 

In order to formulate the Lefschetz-Riemann-Roch theorem for higher equivariant arithmetic K- 
groups, we need to introduce the equivariant R-genus due to Bismut. Let X be a /Xri-equivariant 
smooth algebraic variety over C, and let R be a /i„-equivariant hermitian vector bundle on X. 
For G //n(C) and s > 1, we consider the following Lerch zeta function 

OO .L 

El. 

k=l 

and its meromorphic continuation to the whole complex plane. Define a formal power series in 
the variable x as 

O T ^ "I ?T, 

R{C,x) + 

n=0 j=l 

Definition 4.1. The Bismut’s equivariant i?-genus of an equivariant hermitian vector bundle 
T with T Ecgm„(C)^C is defined as 

R,{E)-.= Y. (TrR(C,-L!^c)_TrR(l/C,D®c)), 

where is the curvature form associated to 

Now, let X be a /Xn-equivariant arithmetic scheme over an arithmetic ring {D,'E,, Foo) and 
we construct a naive commutative diagram of homological complexes 

ch 

( 11 ) 



ch 

where 0 stands for the zero map. Let X be a ^^-equivariant hermitian vector bundle on X, 
we shall regard the R-genus Rg{N) as an element in 0p>Q D^^“^(X,p). It is a d-closed form. 
Denote by po the natural projection from X x (P^)' to X. For any hermitian fc-cube E in 
V{X, pn), we set 

ufc / Ck+i{Rg{p*oN)ch°g{in o A(R)),log I P, • • • ,log | zj, P). 

[K -h l)l[ZTn) 

It is clear that nR(R) extends to be a map Ilij : ZCk{X, pn) —> 0p>o 

which provides a chain homotopy for the square m- Therefore, we get an endomorphism of 

Km{X, pn) for any m > 1. This endomorphism will be denoted by ®Rg{N). 
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Again, by m Remark 2.4, Lemma 2.5], the chain homotopy II/j is homotopic to the chain 
homotopy 11^ defined by 

/ RgiPo^) • ch°(trfc o X{E)) • Cfc(log j zi p, • • • , log | Zk P), 

and hence is homotopic to —Rg{N) •c]ig{E) by the projection formula. Let (x, a) be an element 
in Krn{X, Hn)Q, then dx = 0 and chg(x) is a d-closed form. Let (0,a) and (0,a') be two 
elements in Km{X, then (0, a) = (0, a') if a and a' have the same cohomology class in 

0p>o Notice that the product • on the Deligne-Beilinson complex induces 

the product on the real Deligne-Beilinson cohomology. Then, modulo torsion, the endomorphism 
®Rg{N) is independent of the choice of the metric on N and it can be written as ®Rg{N). 

Let be the fixed point subscheme of A, and let Nx/x „ t)e the normal bundle of A^^ 
in A with some /r„-invariant hermitian metric. We set 

Ak := (Id - mg{Nx/xJ) o <S>\Z\(nI/xJ. 

it is a well-defined endomorphism of Am(A^^, g.n)p®Q- Then the arithmetic Lefschetz-Riemann- 
Roch theorem for higher equivariant arithmetic K-groups can be formulated as follows. 

Theorem 4.2. (arithmetic Lefschetz-Riemann-Roch) Let f : X ^ Y be an equivariant and 
proper morphism between two pin-equivariant arithmetic schemes, which is smooth over generic 
fibre. Suppose that the gin-action on the base Y is trivial. Then, for any m > 1, the following 
diagram 


Km{X, gin) - Km{Xg^ , gin)p ® Q 

f* f lJ.n * 

Km{Y, gin) -^ Kmiy, Tn)p ® Q 

where r is the restriction map, is commutative. 

The proof of Theorem 14.21 will be given in next two subsections. 

4.2 Arithmetic K-theoretic form of Bismut-Ma’s immersion formula 

Let Y ^ A be a //^-equivariant closed immersion of regular //^-projective arithmetic schemes 
over [D, S, Too)- In [T31 Section 4], we have proved an arithmetic purity theorem 

Km{Y,gln) = KY,m{X, gin) 

for any integer m > 1. As a byproduct, we get an embedding morphism K^fY, gin) — 
Km{X, gin). This embedding morphism is realized by constructing an explicit chain homotopy 
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for the square 


za(y,/r„) ^ ep>o'D^^~*iY,^,P)R. (12) 

*» VnioTdg h-^^x/y)»{-) 

ZC* (P, ^^n) ^ ©p>0 {P,^ ,p)r„, 

where stands for the Dolbeaut complex computing the Deligne homology groups, 

i :Y ^ P := F{Nx/y®Oy) is the associated zero section embedding with projection n : P ^ Y 
and 

: TiC^:{Y, pn) ZC*(P, Pn) 

is the morphism of homological complexes by sending a hermitian cube E to 
provided the Koszul resolution 

K(E, Nx/y) ■ 0 ^ ® Tr*E -AQ^ ® 7r*E 7r*E EE 0. 

For any hermitian fc-cube E, the chain homotopy Hfc(P) for (I12|) is given by the formula 

Uk(E) = Tg{K(OY,Nx/Y) • chg(E) 

where Tg{K{OY, El x/y)) is the equivariant Bott-Chern singular current associated to the canon¬ 
ical Koszul resolution. Notice that the product P x (P^)' can be identihed with the projective 
space bundle over Y x (P^)' with respect to the vector bundle PqNx/y^ and 

0 ^ Pq a”' Q —>■••• Pq AQ —)• Opx(pi)' **Clyx(pi)' 0 

represents the Koszul resolution so that the corresponding Bott-Chern singular current is the 
pullback pQTg{K{OY x/y)- We shall still write it as Tg{K{OY, Nx/y) for the sake of sim¬ 
plicity. Then, like before, by the projection formula and [T31 Remark 2.4, Lemma 2.5], Hfc(P) 
is naturally homotopic to the following chain homotopy 

r _ _ _ 

-Y / C'fc+i(^!?(^(C’y,iVx/y) •ch°(trfcoA(P)),log I zi p,--- ,log I Zfc p), 

-I- ijH^zTTZj J(pi)fe 

which will be still denoted by Hfc(P). 

It is clear that if we choose another resolution 

0 ^ Fn ^ ^ El ^ Pq ^ EOy -a 0 


with respect to the zero section embedding i : Y ^ F{Nx/y ® ^y) such that the metrics on 
F. satisfy the Bismut’s assumption (A), we may construct a different homotopy for (|12p and we 
shall get another embedding morphism : Km{Y, pn) -A Km{P, Pn)- Our hrst result in this 
subsection is the following. 
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Proposition 4.3. The embedding morphism over rational arithmetic K-groups 

i* ■ Km{T,fJ,n)Q ^ hn)Q 

is independent of the ehoiee of the resolution of i^^Oy on W‘{Nx/y © Oy). 

Proof. Since any two resolutions of on F{Nx/y © Oy) are dominated by a third one, we 

may assume that F. and A'Q'^ fit into the following diagram 

0 0 0 

' ’ ' ' ’ ' 

0 -- ^Fn -- -- 0 

0 -^ Ai -^ Fi -^ AQ -^ 0 

0-^ Aq -^ Fq -^ Op -s- 0 

0-s- i^Oy -s- iifOy 

where A. is an exact sequence of hermitian vector bundles on P. We may require that A. is 
orthogonally split, then we split A. into a family of short exact sequence of hermitian bundles 
from j = 1 to n — 1 


Xj ■ 0-^ Keidj ^ Aj —^ Kerdj-i - s- 0 

such that every Xj is orthogonally split. Moreover, we denote by ej the short exact sequence 

0 -^ Aj ^ Fj -^ ^ 0 

from j = 0 to n. Write i* (resp. i*) for the morphism ZC'*(P, Hn) ZC^{P, pin) with respect to 

the Koszul resolution K{Oy, Nx/y) (resp. the resolution F.). Then, for any hermitian /c-cube 
E on Y, the assignment 


n—1 


H,{E) := Y^{-iyej0 7r*E + Y,i-~^)^Xj<^7r*E G ZCfc+i(P,^„) 

j=0 j=l 
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provides a chain homotopy between and i*. Consequently, the formula 

^ 2(k +'|)!(2li)'=+l ° \mm A Ct+l(log I p,--- ,logU,+. P) 

decides a chain homotopy between ch^oi'^ and ch^oi*. We claim that there exists a homotopy of 
chain homotopies between and + Hfc(i?). In fact, according to the construction 

of transgression bundles, we have that 

tr^+i o X(ej 0 Tr*E) = tri o X{ej) Kl tr^ o X{7r*E) 

and 

trfc+i o X{xj ® 7r*E) = tri o X{xj) tr^ o X{Tr*E). 

Moreover, the complex 


0 ^ tri o A(en) Kl trfc o A(7r*ill) 


tri o A(ei) Kl trfc o A(7r*ill) —> tri o A(eo) tr^ o X{Tr*E) 


provides a resolution of i*tri(0 —)■ tr^ o X{7r*E) tr^ o A(7r*-E)) on P X satisfying 

Bismut’s assumption (A) since the transgression functor is an exact functor. We denote this 
resolution by H. and we set 


UkiE) : = 


(/c + 2)!(27ri)^+^ J^pi-^k+i 


Ck+ 2 iTgiE.),log I 2:1 P,--- ,log I Zk+i P), 


then it satisfies 


doUkiE) = 


Ck+ 2 {Tg{E.),log I 21 P,--- ,log I Zk+i P) 


<=i'2(E( — l)-^tri o X{£j) Kl trfc o A(7r*iil)) A 


(k + 2)!(27ri)^+i 7(pi)fc+i 1 

^ „ n _ 

=“* ° + 2(t + l)!(2,ri)**- *S( Ef-l)'*--! ° ® ° 

Cfc+lOog I 21 P,--- ,log I 2 fc+l P) 

r _ _ 

- 2(t + l)!(2,ri)^-^- ^ ‘■■<= “ M^’E) ^ tr^ o A(,-E))). 

Td'H^x/y)] ACfc+iOog I 21 P,-- - ,log I 2 fc+i p) 

~ (fc+l)!(2^y y_^_^^Ct.nK(F 0 ..:h;(trtoA(VE)),log| 2 i p, • - ■ , log | 2 , 1^) 

+ (¥TT)W A,. .cLS(.r. o A(Vi;)). 

log I 21 P,--- ,log I Zk 1^) 


{k + l)!(27rz)^ /(pi)* J(pi-^k+i/(pi^k 
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ch°(trfc o A(7r*^;)), log | 2:2 ' , log | Zk+i P) 

=Hfc o d(E) + (E) - H;(E) + Hfc(E) 

that is 

Hfe o d(E) -donk(E) = H', (E) - (E) + (E)) . 

So we are done. □ 

Now, let us recall the Bismut-Ma’s immersion formula which relates analytic torsion forms 
and the Bott-Chern singular current. Let X be a /in-equivariant smooth algebraic variety over 
C and let i : y X be an equivariant closed smooth subvariety. Let S' be a smooth algebraic 
variety with trivial //^-action, and let / : X S, I : X ^ S he two equivariant proper smooth 
morphisms such that / = I o i. Assume that rj is an equivariant hermitian bundle on Y and 
is a complex of equivariant hermitian bundles on X which provides a resolution of L?? such that 
the metrics on satisfy the Bismut’s assumption (A). Let , lo^ be two Kahler fibrations on 
/ and on I respectively. We shall assume that uj^ is the pull-back of uj^ so that the Kahler 
metric on Y is induced by the Kahler metric on X. Consider the following exact sequence 

AT : 0 ^ Tf ^ Tl Nx/y ^ 0 

where Nx/y is endowed with the quotient metric, we shall regard M as an emi-l-cube of her¬ 
mitian bundles on Y. Then the equivariant Todd form of M has been defined in m and it 
satisfies the identity 

dTd 3 (Ar) = TdgiTl \Y,h^^) - TdgiTf,h^f)Tdg{Nx/Y)- 

We suppose that in the resolution ^., are all /—acyclic and moreover rj is /—acyclic. Then, 
by an easy argument of long exact sequence, we have the following exact sequence of hermitian 
vector bundles on S 


r. : 0 — > ^ • • • —> /*(/o) ^ f*V 0- 

We may split H. into a family of short exact sequence of hermitian bundles from j = 1 to m 

dj 

Xj ■ 0 -9- Keidj -^ Ej -^ Kerdj-i -9- 0 

such that the kernel of every map dj-i for j = 2,... ,m carries the metric induced by Ej and 
Kerdo = Sq = /*?y,Kerd^ = ^m+i = hiCm)- We regard Xj as a hermitian 1-cube on S and we 
set chg(H.) = l)-^chg(xj). Then it satishes the differential equation 

m 

dc\ig{E.) = chg{fJi) - ^chg(/*(^j)). 

j=0 
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Theorem 4.4. (Immersion formula) Let notations and assumptions be as above. Then the 
following identity holds in 0p>o {S, p)/Imd) . 

^ ^ r _ 

+ / Td,(rOr,(e) 

^ (2vrz)"* Jx^^/s 

where rf and ri are the relative dimensions of /S and of /S respectively. 

Proof. This is the combination of [BMl Theorem 0.1 and 0.2], the main theorems in that paper. 

□ 


Remark 4.5. Denote by A(f,l,i^rj,^.) the differential form which measures the difference 
-lyigiu;- ,h‘^^)- Tg[uj^ , h") + ch,(S.j + - ^ 

1 Z 

i=0 


^{-lyTgiu:^ - Tg{u/,hP)+dlg{~.) + f Tdig^Tg^^) 


+ 


1 


(27ri)D 




Td,(AA)Td,-i(A'x/y)ch,(r/) - f Tdg{Tf)Rg{Nx/Y)chg{rj) 

\ J J Van /S 


in Theorem oi Let us go back to the same situation described before Lemma 12.81 and assume 
that the following diagrams 


Y X Z -^ X X Z and T x ^ X x 



S xZ Sx Zi 


are obtained by smooth base changes. Then Y xZ and JT x Zi intersect transversely along T x Zi 
and the singular currents can be pulled back. Moreover, similar to Lemma 12.81 the restriction 
of A{fz,lz,iz*rj,C-) to S X Zi is equal to the differential form A{fzi,lzi,iziJi IvxZi,!- \xxZi)- 

Proposition 4.6. Let Y be a Hn-^Quivariant arithmetic scheme over {D,T,, Foa) and let N be 
a pLn-equivariant hermitian vector bundle on Y. Suppose that the fin-action on Y is trivial and 
consider the zero section embedding 

i:Y^P:=F{N®OY) 

with hermitian normal bundle N and the natrual projection n : P ^ Y. Then for any element 
X € Km{Y, fin)Q with integer m>l, the following identity 

X — Rg{N) ■ X = 7r*i*(x) 

holds in Km{Y,iin)Q- 
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Proof. By the definition of the action of Rg{N) on Km(Y, ^n)Q, the map x x — Rg{N) ■ x is 
defined via the chain homotopy 

f Ck+i{Rg(N).ch^g{ivk O A(;E)),log I P, • • • ,log I Zk p) 

[k; -h i)\[Z7n) j(pi)fc 

for the square 


ch 


za(y, ^^n) ©,>o D^P-*iY,^,p) 


Id 


'p>0 y^^nlP/Rn 

Id 


ch, 


za (y, ^in) — ©p>o (y^„, p) 


)R^ 


According to Proposition 14.31 to define the morphism z* ; Krn{T, Rm{P, Tn)Q, we 

may choose a resolution F. of i*Oy on P such that every Fj is vr-acyclic. We shall endow F. 
with the metrics satisfying the Bismut’s assumption (A). Then we have an exact sequence of 
hermitian bundles on Y 

^ : 0 —>■ vr*(Pm) '^*{Fm—i) —>■•••—>■ 7r*(Po) —>■ Oy 0. 

Like before, splitting H into a family of short exact sequence of hermitian bundles from j = 1 
to m 

Xj ■ 0-^ Kerdj-^ Ej —^ Kerdj-i -^ 0, 

we may construct a chain homotopy 

m 

H^oi(E) := ® P € ZCfc+i(y,^„) 

i=i 

between the maps Id and vr* o p : ZC'*(y, pn) —^ TiC^{Y, pn)- Consequently, the formula 

= 2(fc + i|!( 27 ri)fc+i ^p^^^^/h°(trfc+ioA(P^oz(P)))ACfc+i(log | p,--- ,log | Zk+, p) 

decides a chain homotopy between ch^ o Id and ch^ o vr* o i*. Then + 11^ o p + o 
(Tdg(r7r) • Hfc) also decides a chain homotopy between chg o Id and Id o ch^. We compare it 
with 

Firstly, denote by Prp (resp. Pry) the natural projection from P x (P^)^ (resp. Y x (P^)^) 
to P (resp. y). Then, according to the functoriality of projective space bundle construction we 
have used before, PrpP. provides a resolution of on P x (P^)*’. Hence we have an 

exact sequence 

: 0 —>■ 7r*(PrpPm,) 7i'*(PrpPm-i) 7r*(PrpPo) —>■ Clyx(pi)fc 0 
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which can be split into a family of short exact sequence of hermitian bundles from j = 1 to m 


x'j : 0- 5- Kerdj -^ H'- —^ Kerdj-i -^ 

Furthermore, the short exact sequence of hermitian 1-cube 

(E) ; 0-- x'j ^ tik o X(E) Fr^Xj ® tr^ o X(E) 

forms a hermitian 2-cube on y x We set 


■0 - ^0 


UkiE) := 


(- 1 ) 


k+2 


2(A: + 2)!(27ri)fc+2 y(pi),+2 

Cfc-h2(log I 

it satisfies the differential equation 

(_l)fc+i 


lit 

c)4{Y,i-^ytr2oX{H^^HE)))A 


- ,log I Zk +2 P), 


d o Hfc(i?) =Hfc o dE + 


2(A: + l)!(27rf)^+i J(^pi)k+i 

A C'fc+i(log I zi p, • • • ,log I Zk+i P) 

(_l)fc+l n 

~ 2(A: + l)!(27rf)^+i J^pi)k+: 


ch°(trfc+i o X{H.^oiiE))) 




j=i 


A Cfe+i(log I zi p, • • • ,log I Zk+i P) 

m 

+ Y,{--^yK^(Fj07r*E) 

j=0 

=Hfc odE + (E) + o E (E) 


(- 1 ) 


fc+i 


{k + l)!(27rz)^ y(pi)fc 


Cfc+i(chg(“'(8)trfc o A(^)),log | zi p,--- ,log \ Zk^)- 


On the other hand, we apply the immersion formula to the resolution PrpF. O tr^ o X{E). We 
then have 


nf of*(F;) = - 


(- 1 ) 


fc-i-i 


(fc-h l)!(27rf)^ J(pi)k 

(_l)fc+i . 


Cfc+i(chg(“'otrfcoA(F;)),log | zi p,-- - ,log \ Zk f ) 

1 r 


Ck+i{- 


Tdg{T7r)Tg{PT*pF. 0 tr^ o A(^)), 


{k + l)!(27rf)*^ J(^pi)k ^ {2TTiy- Jp^^/y 

log P,--- ,log I P ) 

r _ _ 

(fc + l)!(27rf)^ J^^^^^Ek+iiRgiN) • ch^g{tTk o X{E)),\og | P,--- ,log | Zk P) 


+ 
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+ 


(- 1 ) 


fc+i 


i)’' I(¥ 


{k + l)\{27Ti)^ J(pi)k 
(_l)fe+i 


C'fe+i((iA(trfc o A(^)),log I zi p,--- ,log | Zk |^) 


7^ / C'fc+i(chg(“'®trfcoA(£;)),log I p,--- ,log I Zfc 1^ ) 
0 7(pi)'= 


(fc + l)!(27ri)*^ 7(pi) 

- o (Td^CT^) . Hfc(E)) + nf (E) 

(_l)fc+i r 


+ 


{k + l)!(27ri)*^ ^(pi)* 


C'fe+i((iA(trfc o A(^)),log I zi I ,••• ,log | | ). 


We then formally define a product C'fc+i(A(trfcoA(i?)),log \ zi P, • • • ,log | Zk P) in the same 
way as ([9]), and we set 


Afc(^) = -Nfc / Cfc+i(A(trfcoA(^)),log I zi p,--- ,log I Zfc P). 

(fc + l)!(27rz)'= y(pi)fe 

Again, it is readily checked by Lemma 14.51 that 
Ak-i{dE) - dAk{E) 

= (ul-\\U‘i ■\k / C'fc+i(dA(trfcoA(^)),log I zi p,--- ,log I Zfc 1^). 

[k + l)!(27rz)'= J(pi)fe 


Getting together all the above discussions, we see that H^ + A^ provides a homotopy between 
n® and + 11^ o f* + o (Tdg(T7r) • H^) which implies that x — Rg{N) ■ x = 7r*L(x) for 
any element x € KmiX, En)Q with integer m > 1. □ 

Corollary 4.7. Let S he another fin-^Quivariant arithmetic scheme with the trivial fin-o-ction. 
Let f : Y ^ S and g = fo7r: P^S be two equivariant and proper morphisms which are 
smooth on the generic fibres. Then the identity 

f*{x) - ffiRg{N) ■ x) = g^o i^{x) 

holds in Km,{S, gn)Q for any element x € KmiY, Pn)- 


Proof. This is an immediate consequence of Proposition 14.61 and Corollary 13.61 


□ 


Now, we consider general situation. Let X, S be two /in-equivariant arithmetic schemes over 
{D,T, Eoo), and let T be a //^-equivariant arithmetic closed subscheme of X with immersion 
i : Y X. Let g : X ^ S and f = g o i : Y —^-Sbe two equivariant and proper morphisms 
which are smooth on the generic fibres. We shall suppose that the /i„-actions on Y and on S 
are trivial (e.g. Y = Xg^, S = SpecD). Then the main result in this subsection is the following. 

Theorem 4.8. For any element x € KmiY,pn) with integer m > 1, the identity 

ffix) - ffiRgiNx/y) -x) = g^o E{x) 

holds in Km{S, pn)Q- 
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To prove Theorem 14.81 we use the deformation to the normal cone construction. Denote by 
W the blowing up of X x along Y x {0}, and denote by qw : IT —)■ the composition of the 
blow-down map IT —X x P^ with the natural projection X x P^ —)■ P^. Then we have 



X X {t}, 
PUX, 


if t / 0, 
if t = 0, 


where X is isomorphic to the blowing up of X along Y and P is the projective space bundle 
F{Nx/y © Oy)- Let j '.Y X P^ ^ IT be the canonical closed immersion induced by i x Id, then 
the component X doesn’t meet j{Y x P^) and the intersection of j{Y x P^) with P is exactly 
the image of Y under the zero section embedding. Moreover, denote by st the canonical section 
T = T X {t} T X P^ for every t and denote by ut the natural inclusion q^{t) ^ IT. We 
have two Tor-independent squares 


Y X pL 

St 


IT 


Ut 


T 


X 


with t ^ 0 and 


T X pi 
*0 


IT 


UQ 


Y 


*0 


■’^{^X/Y © C>y). 


Notice that the complement X \ T is contained in IT \ T x pi, we have natural pull-back 
morphism „j(IT,//„) KY,m{X,iXn)- 

Lemma 4.9. For any t ^ Q, the diagram 


Pm(T X P , //fi) ^ Py xPl,m(^L, t^n) 

J* 

s* u* 

P-ra{T) Tn) ^ ^ P-Y,m{,^i hn) 

z* 


is commutative. 

Proof. Write c* : K^iY x pi,^„) ^ Km{Y, Hn) for the composition if^ o u* o j^. We need to 
show that dl = s*. The morphism s* is deduced from the commutativity between s* and chg, 
while the morphism c* is deduced from the homotopy defining and the homotopy defining z*. 
Since the K-theory and the Deligne-Beilinson cohomology are both A^-homotopy invariant and 
St are sections of the natural projection Y x pi —>■ T, the statement in this lemma will follows 
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from the commutativity of the diagram 

KmiX X P , /i^) - S- Ky ) /^n) 

JO * 

*0« 


(13) 


where P' = P((A^x/y KIO(—1)) ©Oy^pi) is the projective completion of A^^y/yxpi over Y x P^. 
It is equivalent to show that the following diagram 

Km{Y X pi, //„) — kmiP', ^ln) (14) 

km{Y, gin) > km{P, gn) 


is commutative because the morphism io* : km{Y, gn) km{P,Tn) is injective. We endow 
Nx/y ^ Y>(—1) with the product metric coming from the metric on Nx/y the Fubini-Study 
metric on 0{—l), then the pull-back of At^y/y^pi along st is isometric to Nx/y so that the pull¬ 
back along St of the Koszul resolution and of the corresponding Bott-Chern singular current 
with respect to jo is exactly the Koszul resolution and the corresponding Bott-Chern singular 
current with respect to iq. According to the construction of the homotopies defining jo* and 
io*, we get the commutativity of the diagram (fTHl and hence of ([TH]) . So we are done. □ 

Corollary 4.10. For any t 0, the diagram 

km{Y xF\gn)^km{W,gn) 

“t* 

km{Y, gn) > km{X, gn) 


is commutative. 

Remark 4.11. Using the same argument as in Lemma 14.91 we know that the diagram 

kn,{Y X F\gn) kmiW, gn) 

sg ul 

km{Y, gn) > kmiP, gn) 


is also commutative. 
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Next, we consider the commutative diagram 



with t ^ 0 and we compare the map /* o with the map 5 * from Km{W, g,n)Q to Km{S, fan)Q- 
Firstly, for any //^-invariant Kahler metric uj^ on X which induces an invariant Kahler 
metric on Y, there exists a /i„-invariant Kahler metric on W such that the restrictions 
of u}^ to X = X X {t} with t 7 ^ 0 and to K = K x {0} are exactly u)^ and ui^. This fact 
follows from m Lemma 3.5]. Actually, such a metric is constructed via the Grassmannian 
graph construction. In this construction, we have an embedding W —>■ X x x and the 
metric oj^ is the /r^-average of the restriction of a product metric on X x P*" x P^. We hx 
such an invariant Kahler metric on W and endow all submanifolds of W with the induced 
metrics. Moreover, all normal bundles appearing in the construction of the deformation to the 
normal cone will be endowed with the quotient metrics. 

Secondly, to the three divisors ut{X), uo{P) and rto(X) in W, we have the following result. 

Lemma 4.12. Over W, there are g,n-invariant hermitian metrics on 0(X), 0{P) and 0{X) 
such that the isometry 0{X) = 0{P) 0 0{X) holds and such that the restriction of 0{X) to 
X yields the metric of restriction of 0{X) to X yields the metric of 

restriction of 0{P) to P yields the metric of N^jp. 

Proof, choose metric on 0{P) in a small neighborhood of P such that the restriction of 0{P) to 
P yields the metric of the normal bundle. Do the same for 0(X). Since X is closed and disjoint 
from X and P, we can extend these metrics via a partition of unity to metrics defined on W so 
that the restriction of the metric that 0{X) inherits from the isomorphism 0{X) = 0{P)®0{X) 
yields the metric of the normal bundle N-^ix- We then take the //^-averages of these metrics to 
make them /i„-invariant. Since the metrics on Niy/x, ^w/P are already /Xn-invariant, 

the /i„-invariant metrics on 0{X), 0{P) and 0(X) obtained as above have the properties that 
we require. □ 

Now, consider the canonical Koszul resolution 

0 —>■ 0{—X) —>■ Ow —>■ ut^Ox 0. 

The associated equivariant singular Bott-Chern current Tg{W/X) satisfies the identity 
dTg{W/X) = di%Ow) - ch°(0(-X)) - uu[Onl{Ox)Td-\Nw/x)]- 


We claim the following result. 
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Lemma 4.13. For any element x G Km{W, fin)Q with integer m>l, the identity 
f*ou*{x) - f*{Rg{Nw/x) ■ Utx) = g*{x) - g^{0{-X) ®x) 
hold in Krn{S,tln)Q- 

Proof. Let i? be a ^-acyclic hermitian A:-cube in V{W,g,n)- Since W admits a very ample 
invertible /r^-sheaf which is relative to the morphism g : W ^ S (cf. |T2[ Lemma 3.9]), we may 
assume that 0(—X) (S’ F is also g'-acyclic and u*E is /-acyclic. Then we have a short exact 
sequence of hermitian fc-cubes in V{S,fin) 

x{F) : 0 —>■ g*(0(—X) ® E) ^ 9*{E) —>• fi^{ut*E) 0, 


which will be regarded as a hermitian (k + l)-cube and as a chain homotopy between the maps 
g* — g*(0(—X)®) and /* o u^. Consequently, the formula 




(- 1 ) 


fc-l-1 


2(fe + l)!(27ri)^+i y(pi)fc+i 


/ ch°(trfc+i o \{x{E))) A C'fc+i(log | zi p, • • • ,log | Zk+i |^) 

Jfpl-vfc+l 


decides a chain homotopy between ch^ o g^ — ch^ o g*(C)(—X)®) and chg o o u^. 
On the other hand, for any element a G the formula 


{2m 


J 

Jw 


1 






Tdg{Jf).Td-\Nw/x)^o^ 


gives a chain homotopy between the maps g^^, o (Tdg(Tg)«) — g^^, o (Tdg(rg)ch°(0(—X))«) 
and o {Tdg{Tf) • u*). Hence, it decides a chain homotopy between g^^, o (Tdg(Tg) • 
chg) - gg„, o (Tdg(rg)ch°(C>(-X)) • ch^) and o (Tdg(r/) • o ch^). Like before, using 
the projection formula and the fact that the deformation to the normal cone construction is 
base-change invariant along smooth morphisms, we write the deduced homotopy as 


(2),!?, -Gif 


Hr'(B) = 


2k\{2m)^ (27ri)^9 x(pi)''/Sx(pi)'= 

ACfc(log I zi p,--- ,log I Zk P) 


Tg{W/X) . Td3(rg)ch0(trfc o X{E))] 


+ 


(- 1 )" [ r 1 [ 

\{2m)’^ J,pi)k\2mYf Jj, 


2k\{2mY J{pi)k { 2 mYf x(pi)''/Sx(pi)'' 


Tdg{Jf).Tdj\Nw/x) 


ch°(trfc o X{u*E))] A Cfc(log | 


,log I Zk P). 
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Now, we denote by H^{E) the following 2-cube of hermitian bundles on 5 x (P^)^ 

5 *(trfc o \{0{-X) ® E)) ^ trfc o \{g,{0{-X) ® E)) -- 0 

g^{iTk o A(^))-- ^tik o X{g^{E)) -^0 

/*(trfc o X{utE)) - - -^ tvk o X{f^{utE)) -^ 0 

and we set 

2{k ° A C»+ 2 (log I 3, |^ ■ ■ ■ . log I p), 

it satisfies the differential equation 

_ _ _ _ r _ 

ioKUE) =H. o A(Ui^))) 

A C'fc+i(log I zi p, • • • ,log I Zk+i P) 

r _ 

- 2{k + l)!(2^i)*A. ° 

A Cfc+i(log I zi p, • • • ,log I Zk+i P) 

- n'l(E) + n'|(0(-X) 0 E) + U'f{ntE) 

=Hfc o ciE + hW(E) - u'^(E) + n'|(o(-x) ® E) + n'/(u*E) 

r _ 

- 2(t + l)!(2.yA- ° ° 

A C'fc+i(log I Zi 1^, • • • ,log I Zk+i P). 


Similar to the tricks that we used frequently before, we set 


Hf )(i?) = 


(- 1 ) 


fc-i-i 


Ck+i{- 


1 


(A:-I-l)!(27rf)*^ y(pi)fc ''(27rij'9 j^y^^x(pi)'=/Sx(pi)'= 
ch°(trfc o A(^))),log I zi p, • • • ,log \ Zkf) 


Tg{W/X).Tdg{Tg) 


+ 


(- 1 ) 


A:-1-1 


Ck+i{- 


■L 


(/c-I- l)!(27rz)^ 7(pi)fc ^ ''(27ri)^/ 7jf^^x(pi)'=/Sx(pi)'= 
ch°(trfc o A(Ui^;))),log I zi p,--- ,log \zk\^). 


Td,(A^) . Td,-'(iVH^/x 


then our lemma follows from the Bimut-Ma’s immersion formula and the fact that there exists 

_ /' 2 ) _ 

a natural homotopy between {E) and {E). So we are done. □ 
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Remark 4.14. Similar to Lemma 14.131 we consider other three divisors W — P—S , 
W < X > S and W P PI X > S and corresponding Koszul resolutions 


0 —>■ 0{—P) —>■ Ow UQ^Op —>■ 0, 

0 —^ (D{ —X) — y Ow —^ ^ 

and 

0 — y 0(—X) ( 8 > 0(—P) —>■ 0{—X) 0 0{—P) — y Ow —>■ uqj^O — y 0. 
Then, for any element x G Km{W, Hn)Q, we have 

p* o no(x) - p^{Rg{Nw/p) ■ Uqx) = g^{x) - g^{0{-P) 0 x), 

/lu o Uo{x) - hu{Rg{N^j^) ■ Uqx) = g^{x) - g^{0{-X) 0 x), 

and 


h 2 * o Uo(x) - h 2 ^{Rg{Ny^jp^^) ■ ulx) =g*{x) - g^{0{-P) 0 x) - g^{0{-X) 0 x) 

0 5 *(O(-P) 0 O(-X) 0 x) 


which hold in Km{S, gn)Q- 

Now, we are ready to give the proof of Theorem 14.81 
Let X be an element in Kjn{Y, 
1)1 ^ 


Proof, (of Theorem 
diagrams 


, we consider the following two 


Y X 


Y 


TT 



■X—^S 


with t ^ 0 and 


Y X 
so 


TT 


UO 



Y —^ ^{Nx/y © Oy) S. 


By Corollary I4.1UI and the fact that st is a section of the natural projection Pr from Y x to 
Y, we have that i*(x) = o j* o Pr*{x) and hence g* o i*(x) = < 7 * o uj' o o Pr*{x). According 
to Lemma 14.131 


g* oul{j^Pr*x) = K[j^Pr*x) - /i*(0(-X) ®j^,Pr*x) + g*{Rg{Nwix) •i*x). 
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Similarly, we have 

9* ° Uo{j*Pr*x) = h^{j^Pr*x) — h^{0{—P) ® j^Pr*x) + p^{Rg{N-^Yip) ■ ux). 

Notice that the image j{Y x P^) doesn’t meet X, the localization sequence of the higher equivari- 
ant arithmetic K-groups implies that UQ^j^PPx) vanishes in Krn{X, lJ-n)Q and in KrniPf^X, //n)(Q 
so that 

h^{0{—X) ® j^,Pr*x) = h^{0{—P) ® j^Pr*x). 

This can be seen from the several identities mentioned in Remark 14.141 On the other hand, 

Pgi^w/x) ■ i*x =Rg{Nw/x)chg{Tx) = Rg{Nw/x)i*(Tdg^{Nx/Y)cligix)) 

=U^*Rg{Nw/x)Pdj\Nx/Y)clig{x)) = 0 . 

The same reasoning gives that Rg{Nyy/p) ■ i^x = 0 also. So 5 * o i*(x) is actually equal to 
P* ° io*ix). Therefore, the statement in Theorem 14.81 follows from Corollary 14.71 □ 

4.3 Proof of the statement 

In this subsection, we give a complete proof of Theorem 14.21 Denote by i the closed immersion 
Xg^ —>■ X, then the arithmetic concentration theorem (cf. [T31 Theorem 5.2]) tells us that 

i* ■ Xm{X, Pyi) p = Kjyi(^X, p 

with inverse map ) ° t- 

Then let x be any element in Km{X, pn)i we apply Theorem 14.81 to the morphisms i, f and 
fgn = f ° i and we compute 

/*(x) =/* {u o (S)\Z\{Nx/x^„ )°r{x)) 

=/* o ® Xz\(Nx/x^„ )°r{x)) 

® AlJ (Nx/x ^„) o t{x)) 0 Rg{Nx/x^„) o ®Xz\(Nx/x^„) o ^(a^)) 

= /Mn*(AROT(x)) 

which holds in Km{Y, Pn)p 0 Q- This completes the proof of Theorem 14.21 
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